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Abstract 



In this thesis we discuss some nonperturbative and noncommutative aspects of string theory. 
We present low-energy background field solutions corresponding to various D-branes (and 
their bound states) and intersecting branes in flat and pp-wavc spacctimc. A class of D- 
brane bound states are constructed from charged macroscopic strings and they are shown 
to satisfy the mass-charge relationship of 1/2 BPS bound states. Another class of D-branes 
and intersecting branes are constructed, by solving the type II field equations explicitly, in 
pp-wave background with constant and non-constant flux. The worldsheet construction of 
these D-branes and their spacetime supersymmetry properties have also been analyzed in 
some detail. 

Further, we study an example of open strings ending on D-branes with mixed boundary 
condition. In this context, we analyze various open and mixed sector tree-level amplitudes 
of N=2 strings in the presence of constant NS-NS antisymmetric tensor (B) field. 
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5 OVERVIEW and CONCLUSION 



Chapter 1 
Introduction 

1.1 String theory: A First Look 

Unification of all the existing forces of nature still remains a big challenge for Particle physi- 
cists. String theory is the consistent quantum theory of gravity which includes graviton, 
the exchange particle for the gravitational interaction, in its spectrum. Truely 'the theory 
of strings' is a bold step towards the unification of gravity, quantum mechanics and par- 
ticle physics. It fits nicely into the pre-existing picture of what physics beyond standard 
model would look like. Besides gravity, string theory necessarily incorporates a number of 
previously known unifying ideas like grand unification, Kaluza-Klein compactifications and 
supersymmetry etc.. Moreover, it unifies these ideas in an efficient way and resolves some 
of the difficulties which arose previously like the renormalizability problem of Kaluza-Klein 
theory etc.. In fact, some of the simplest string theories give rise to the gauge group and mat- 
ter representations which appeared previously in grand unification. String theory is based 
on the simple idea that elementary objects which appear to be point-like to the present day 
experimentalists, are actually different vibrational modes of 'strings'. The energy per unit 
length of the string, known as string tension, is parametrized by {27ra')^^, where a' has the 
dimension of {length^. The typical size of the string is 10~^^ cm - a distance which can't be 
resolved by the present day accelerators. So there is no direct way of testing string theory 
apart from its theoretical consistency. The propagation of strings in space-time is governed 
by the dynamics of the one dimensional objects. Strings moving in space-time sweep out a 
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two dimensional surface known as the string worldsheet. The dynamics of such an object is 
governed by an action, popularly known as Nambu-Goto action: 

S = —- — ^(Area of the Worldsheet) 



27ia 



'1.1.1^ 



which is nothing but the generalization of relativistic action for a point particle. The string 
worldsheet is parametrized by X^((j, r), but the action (jl.l.lj) is invariant under the choice 
of reparametrization (world-sheet coordinate invariant). It is useful to write down the above 
action in the following form as well, by adding a world-sheet metric {gap)'- 

Sp = / dPa^g^^daX^^dpX,, (1.1.2) 

where g = detgap- In addition to the dijfeomorphism invariance, the action ()1.1.2|1 has 
another local symmetry known as Weyl invariance: 

g'ap{cr)=e'-''gap{a). (1.1.3) 

The action p.l.2j) is commonly known as Polyakov act ion pp. 

The spectrum of string theory consists of a set of massless states and an infinite tower 
of massive states. The massive string states have the mass of the order of 10^^ Gev and is 
well beyond the reach of present day accelerators. There are five consistent string theories, 
known as Type IIA, Type IIB, Type I, 50(32) heterotic and Eg, x heterotic. In Type IIA 
and Type IIB, strings are closed and oriented. In Type I, strings are open or closed; Open 
Type I strings have electric charges at the end points of the strings. Heterotic 5*0(32) and 
Es X Es strings are closed and oriented. 

The above five different string theories are related by certain symmetries of string theory 
known as 'duality symmetry' jSEHHElinilZllHliniinillSllIHllli!. In particular, the orientifold 
construction, namely the fact that type I string theories can be regarded as the quotient of 



type IIB theory by the worldsheet parity transformation was first discovered in jTJ] (see also 
I17j). Below, we discuss briefly various duality symmetries of string theory. 

• T-Duality: 

Target space duality or T-duality in short, is the best understood duality symmetry of string 
theory. They hold order by order in string perturbation theory to all order even though 
they have not been established for the full non-perturbative string theory. This duality 
transformation maps the weak coupling region of one theory to the weak coupling region of 
another theory or of the same theory, (for a review of this subject see^O]) For example: 

(i) Bosonic string theory compactified on radius R and on radius 1/R are equivalent. 

(ii) Type IIA string theory compactified on a circle of radius R is dual to Type IIB string 
theory compactified on a circle of radius ^ jIHl UHl 1201 121] • 

(iii) 5*0(32) heterotic string theory compactified on circle of radius i?, with gauge group 
broken down to 5*0(16) x 50(16) by wilson line is dual to i^g x i^g heterotic string theory 
compactified on circle of radius with gauge group broken down to 5*0(16) x 5*0(16) by 
Wilson Iine|221l2nil21!. 

• S-Duality: 

S-duality is a transformation of the coupling constant of the theory: a theory with coupling 
constant g is S-dual to some other theory with coupling constant 1/ g. This is a generalization 
of Electric- Magnetic duality of Maxwell's theory of electrodynamics. Below we give few 
theoretical examples of S(elf)-duality in string theory. 

(i) In ten dimensions type I theory with coupling constant g is dual to SO (32) heterotic 
string theory with coupling constant 1/ g. 

(ii) Type IIB string theory in D=10 has been conjectured to have an SL{2, Z) self duality 
group 6j. 
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U-Duality: 



U-duality can be thought of as a nontrivial combination of S-duahty and T-duahty. Naively 
speaking, this duahty relates small volume limit of some theory with large coupling limit of 
some other theory. This symmetry is nonperturbative by nature. The U-duality group arises 
from the toroidal compactification of type II and heterotic string theories. 

1.2 i^-Branes in String Theory 

Besides the vibrational modes of strings, which is the basic quanta of string theory, multiplets 
of string duality includes: solitons, black holes and some extended objects, known as 'D- 
branes'|2Sl EEl CEl EZl EHl 113 Ei • (see [SHI El IS2] for a detailed review of D-branes. See 
[SSI fo'^ ^ review of Open strings.) D-branes are nonperturbative and extended objects on 
which open strings can end (like the ones as shown in picture 1.1), almost in the same 
way as QCD strings can end on quarks. In contrast to the quarks of QCD, Z^-branes are, 
however, intrinsic excitations of fundamental theory: their existence is required for the 
consistency of string theory. They play an important role in understanding various duality 
conjectures in string theory. As described earlier they, along with the strings and other 
solitons, essentially fill up the multiplets of string dualities. Besides this, Z)-branes play 
an important role in understanding the microscopic structure of quantum gravity. The D- 
brane model of black holes has been proved to be very useful in understanding the black 
hole thermodynamics, such as Hawking temperature and entropy. It also has revealed a 
surprising relationship between supersymmetric gauge theory and geometry. In particular, 
the counting of microscopic BPS sates of black hole can be mapped into a familiar problem 
of studying the moduli space of supersymmetric gauge theories. In the context of AdS/CFT 
duality, i^-branes corresponds to nonperturbative objects in the gauge theory side, or to 
defects on which the lower dimensional field theory lives. In order to know the field theory 
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dynamics in the presence of such extended objects, it is often useful to have access to the 
supergravity solutions of Z^-branes as well. 

The open string worldsheet is parametrized by two coordinates (cr, r), with the spatial 
coordinate a runs < a < vr. In conformal gauge the action is given by: 

S = -^( d^adaX'^d^X^. (1.2.1) 

Varying with respect to X^ and integrating by parts, one gets: 

SS=--^f d^a6X^d^X^ + -^ f da6X^dnX^, (1.2.2) 
27ra' JM 2Txa' JdM 

where On is the derivative normal to the boundary. Vanishing of the first term in ()1.2.2j) 
gives the Laplace equation. At the boundary, the only Poincare invariant condition is: 

dnX" = 0. (1.2.3) 

This is called 'Neumann' boundary condition. The 'Dirichlet' boundary condition 6X'^ = 
=> = constant is also consistent with the equations of motion, which describe space- 
time defects. A static defect extending over p spatial directions is described by the boundary 
conditions: 

g^X"=^'-P = X"'=P+^'-'^ = 0, (1.2.4) 

which constrain the open string to move on a p + 1 dimensional hypersurface. Since open 
strings do not propagate in the bulk, their presence is intimated by the existence of these 
defects, which are known as Dp-branes. Below we summarize the Dp-hranes of various string 
theories. 



Type llA 


p = 0, 2, 4, 6, 8 


Type IIB 


p = -1, 1, 3, 5, 7, 9 


Type I 


p = 1, 5, 9 



Table 1.1: Dp-branes of various string theories 
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The D(p)-brane is characterized by a tension T(p), charge density under Ramond-Ramond 
(p + l)-form, yU(p), defined through the effective worldvolume action jHlj: 

Sworidvoi = T^p) J (F'^'^ie^\l\detGap\ + jJ^ip) j rfP"^^^C(p+i), (1.2.5) 

where 

Gap = G^^'daX^dfiX,, (1.2.6) 

is the induced metric on the worldsheet and </> is the dilaton. The cases p = —1,7,8 are 
somewhat special. The D(— 1) brane sits at a particular space-time point and should be 
treated as a (Euclidean) instanton with the action: 

On the other hand, the massless closed strings coupling to D-branes themselves have a bulk 
action: 



:i.2.8) 



"10 

The bosonic part of the low energy action for type IIB string theory in ten dimension is 
given by: 

SiiB = ^/Av^{e-2^^[i? + 4(V0,)^-^(i/)^]-^(9x)' 

12^ ^ ^ 480^ ^ J 4/€2 7 ' ^ ' 

Where G^j, is the string frame metric, H = dB is the field strength of the Kalb-Ramond 
field, = and F^^) = c/A^ - \{BF^^^ - A^'^'^ H) are the Ramond-Ramond (RR) field 
strengths, while x = ^^'^'^ is the RR scalar and cp is the dilaton. 

D-brane can be described by a combination of Neumann and Dirichlet boundary condi- 
tions on the string worldsheet boundaries. A Z^p-brane is specified by a (p + 1) dimensional 
hypersurface, on which open strings can end and Neumann boundary condition is imposed 
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on them: dnormaiX^ = 0. The fields associated with the remaining (9— p) coordinates satisfy 
Dirichlet boundary condition: = constant. T-duahty changes the Neumann boundary 
condition to a Dirichlet-type boundary condition: dtangentX^ = 0. Hence implementation 
of T-duality along the worldvolume direction of a Dp-brane, replaces a Neumann condition 
by a Dirichlet-like condition and one gets the 'delocalized' D{p — l)-brane. If one consid- 
ers a Dp-hrane which is oriented at an angle with respect to the orthogonal axis: tilted 
in plane, it will be specified by a combination of both Neumann and Dirichlet 

boundary conditions: 



Applying T-duality along direction, one gets the following mixed boundary conditions: 



and one notices that T duality has induced a worldvolume gauge field F12 = — tan0[35]. 
The above analysis can also be lifted to supergravity analysis and we will be discussing that 
aspect in the next chapter. 

1.3 Noncommutative Geometry and String Theory 

Noncommutativity is an old idea in Mathematics and Physics. It appears in string theory PHI 
EZl EH] when the Z)-brane is placed in a constant antisymmetric tensor background {B^y). 
This makes the D-brane worldvolume coordinates noncommutative: 



(9„(Xi + tan0X2) = 0, 
9t(X^ -cot0X2) = 0. 



(1.2.10) 



(1.2.11) 



dnX^ + iia.n(t)dtX'^ = 0, 
dnX^ -i tan (f)dtX^ = 0, 



(1.2.12) 



(1.2.13) 




(1.3.1) 



and leads to an uncertainty relation between the space and time: 
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Perhaps the main reason for not taking the noncommutative theories seriously is that the 
uncertainty relation between position measurements will a priori lead to a nonlocal theory. 
Also noncommutativity of the space-time coordinates generally conflicts with Lorentz in- 
variance. Although it is not implausible that a theory defined using such coordinates could 
be effectively local on length scales larger than that of 6, it is not obvious to believe that 
the breaking of Lorentz invariance would not be observed at these scales. Gauge theory on 
noncommutative spaces are relevant for the quantization of D-branes in background B^^ 
field jSH]. Supersymmetric Yang-Mills theory in noncommutative geometry arises by Fourier 
transforming the winding modes of D-branes living on a transverse torus in the presence of 
NS-NS two form background jSZj. The D-string suspended between a pair of Z)3-branes in 
the presence of an antisymmetric B^^, field represents a monopole in the non commutative 
Yang Mills theory on the worldvolume of D3-brane. Also a {p, q) string represents a dyon 
similar to its commutative counter part. 

The structure of the noncommutative theory is similar to that of the ordinary gauge 
theory with the usual product of fields being replaced by the 'star product' (*) defined by: 

</. * X = 0(^) exp{ - ^^"^^^} X{YI (1.3.2) 

where 9^^ is a constant antisymmetric tensor. The effect of such a modification is refiected 
in the momentum space vertices of the theory by a factor of the form: 

explie^'^p^q^] = e*P^^ (1.3.3) 

The dynamics of the open strings is determined in terms of closed string metric {gi_iu), the 
background two form field (B^u) and the closed string coupling constant (gs). The propagator 
of the open string worldsheet coordinates between two boundary points is given by: 

< X^(r)X"(r') >= -a'G^"" log(r - r') + ^9'"'sgn{T - r'), (1.3.4) 



where the open string metric (G^'^) and the noncommutative parameter [6^'^) is given by: 



1 \^'^ 



g + 2'Ka'Bl„ \g + 2'Ka'B'' g - 27ra'B I ' 



= 2na'( ^ ] =-(2na'?( ^ B ^ V (1.3.5) 

\g + 27Ta'Bj^ ^ '\g + 2'Ka'B g-27ia'Bj ^ ' 

The effective open string coupling is given by: 

Go = gs[ ) . (1.3.6) 

1.4 AdS/CFT Correspondence and String Theory in 
PP-wave Background 

It has been beheved since long that 't Hooft limit jifflj of large N gauge theories is related 
to a string theory. InjlOl, Maldacena proposed a particular string theory for the 't Hooft 
limit of A/" = 4 super Yang-Mills theory in 3 + 1 dimensions. The 't Hooft limit is defined 
by taking — oo while keeping gyu^ fixed. In this limit one gets string theory on 
AdS^ X with the radius of five sphere and the curvature radius of anti-de Sitter are 
proportional to {gyM^Y^^ string units. Maldacena in was led to the conjecture that 
U{N) super- Yang-Mills theory in (3-|-l)-dimensions is the same as (or dual to) type IIB 
superstring theory on AdS^ x S^. The super Yang-Mills coupling is given by the (complex) 
type IIB string coupling. The supersymmetry group of AdS^ x 5*^ is known to be the same 
as the superconformal group in (3+1) spacetime dimensions, so the supersymmetry of both 
theories are the same. This new form of duality (commonly known as AdS/CFT duality) 
is the duality between the large N field theory and a particular string theory on certain 
background. This is a strong-weak coupling duality: the strong coupling regime of quantum 
field theory corresponds to the weak coupling regime of string theory and vice versa. Despite 
much effort, string theory in AdS background is still poorly understood. At low energies, the 
string theory is well approximated by supergravity. On the gauge theory side the low energy 
limit corresponds to large 't Hooft limit, A = gyM^ 1- The spectrum of strings on 
AdS^ X corresponds to the spectrum of single-trace operators in the Yang-Mills theory. 
Moreover, by using the recipe, for the correspondence between ten dimensional type IIB 
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supergravity and the (3+l)-dimensional SU{N) Yang-Mills theories, various two point and 
three point functions have been calculated |4 H 1 ^ l4Hj . Despite much effort, the main obstacle 
in proving the conjectured AdS/CFT duality lies in the difficulty to quantize strings in AdS 
spaces. Only recently, Berenstein, Maldacena and Nastase (BMN)j44j took advantage of 
Penrose's idea that 'every space-time has plane-wave as a limit' and have argued that a 
particular sector of A/" = 4 super Yang-Mills theory containing the operators with large R 
charge (J), is dual to Type IIB string theory in pp-wave background with RR flux. The 
beauty of the proposal is that it suggests a simple class of supergravity backgrounds where 
one can explicitly quantize strings. 

The fact that string theory in pp-wave background is exactly solvable has opened up the 
possibility of understanding the duality beyond the supergravity limit. Penrose's idea was 
incorporated by Giiven into supergravity backgrounds in ten and eleven dimensions. This was 
achieved by extending the limiting procedure to the other fields present in the supergravity 
background. In particular, it has been found out that the eleven dimensional Minkowski 
space-time and the maximally supersymmetric Hpp wave background are the Penrose limit of 
AdSi X 5*^ solutions of M-theory and AdS:^ x solution of Type IIB supergravity respectively. 
The limiting procedure depends crucially on the local symmetries (diffeomorphism and local 
gauge invariance) of the supergravity background and the homogeneity of the supergravity 
action under a constant rescaling of the fields. The novelty of this background is that string 
theory simplifies dramatically due to the existence of the lightcone gauge and is also exactly 
solvable in some cases. In short, the plane wave background admits a set of covariantly 
constant and null killing vectors. 

The plane wave is a geometry of general form: 

ds"^ = -Adx^dx- + H{x^,y){dx^f + dy'dy\ (1.4.1) 

where the function H is independent of x~, and x^ = ^{t ± x). The wave structure is due 
to the x~^ dependence of the function H appearing in the metric. The particular case of 
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interest, when H is quadratic in and is supported by a five form Ramond-Ramond field 
strength, has been analyzed in a great detail in recent past. The metric and the constant 
5-form field strengths of such a background is given by: 

ds^ = -Adx^dx" - iJ,'^{y'){dx^f + dy'dy\ 
F = dx+ip, ip = fi{dy^dy^dy^dy'^ + dy^dy^dy'^dy^). (1.4.2) 



The Green-Schwaz action after taking the lightcone gaugejjo] for the superstring, by 
choosing x~^ = t and r_.^" = 0, a = 1, 2 is given by: 



//•na'\p-\ pi i o i - 1 

dt da -z^ - -z'^ - -fx'^z^ + iS{jd + fxI)S , (1.4.3) 

JO '-2 2 2 -I 



1 ,9. 1 



27ra' 

where / = r^^^^ and S is the Majorana spinor on the worldsheet and a positive chirality 
5*0(8) spinor under rotations in the eight transverse directions. The lightcone hamiltonian 
is given by: 

2p- = -p+ = Hi,= 



11? 



with n denoting the level of the Fourier mode and A^^ denoting total occupation number 
of that mode. In the limit, ^a'\p^\ « 1, one recovers the fiat space limit, which can also 
be seen in the metric fll.4.2j) . with /i = 0. It has also been demonstrated that plane wave 
admits the giant gravitons, as in the case of AdS^^ x . These giants are the D3-branes 
classically sitting at x~ and wrapping the 5*^ of the first four directions or S"^ of the second 
four directions. 

The maximally supersymmetric plane wave of type IIB can be obtained from the Penrose 
limit of AdS^ x 5*^. The energy and the momentum in the AdS space is given by the global 
coordinates in terms of E and J. In terms of dual CFT, these are actually the energy and R 
charge of a state of field theory on x i?, where has unit radius. One can then identify 
i^^ = A as the conformal dimension of an operator in i?^. The precise identification is given 
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by: 



2p~ = -p+ = A-J, 



2p'^ = — p_ — 



A + J 



(1.4.5) 



In terms of Yang-Mills parameter the lightcone hamiltonian can be written and one can find 
out the contribution of each oscillator: 



with ^ remaining fixed in the gN oo limit. 

It looks quite promising at the moment to study string theory in pp-wave background 
with RR and NS-NS flux being turned on, in order to understand string theory-gauge theory 
duality by using AdS/CFT like correspondence. String theory in this background is easy to 
handle due to the presence of natural lightcone gauge and in many cases it can be quantized 
exactly. Study of D-branes: classical solutions, open string spectrum and supersymmetry 
in these backgrounds with both constant and nonconstant flux has also been a subject of 
intense discussion in the recent past. 



Wc briefly outline the content of the subsequent chapters below. 

In chapter 2, we construct new D-brane bound states using charged macroscopic type 
IIB string solutions. Starting from D — 9 charged macroscopic string solutions, we obtain 
solutions in D — 10, which are interpreted as £)-brane bound states carrying (F, DO, D2) 
charges as well as nonzero momenta. The mass-charge relationship of these bound states are 
explicitly shown to satisfy the non-threshold bound of 1/2 BPS objects. 

In chapter 3, we present classical solutions of Dp as well as Dp — Dp' branes in pp- 
wave spacetime, with constant NS-NS and RR flux. The supersymmetric properties of the 




(1.4.6) 



1.5 Plan of the Thesis 
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solutions are analyzed by solving the type II killing spinor equations explicitly. We also 
discuss the worldsheet construction of the p ~ p' branes. We then generalize the above 
solutions to the cases where the pp-wave background is supported by nonconstant flux as 
well. 

In chapter 4, we analyze various open and mixed sector tree-level amplitudes oi N — 2 
strings in a space-time with (2,2) signature, in the presence of constant B field. We have 
been able to reproduce the expected 'topological' nature of string amplitudes in the open 
sector. In the mixed sector, we compute a 3-point function and show that the corresponding 
field theory is written in terms of a generalized *-product. 

In chapter 5, we present the overview and conclusion. 
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Chapter 2 

D-BRANE BOUND STATES 



2.1 Introduction 

Bound states of Z^-branes jHEllSllllElinilZllSlin] have been an interesting area of investigation 
due to their apphcations in understanding the non- perturbative aspects of various string and 
gauge theories [101 EH [l2j . In particular, the supergravity configurations of supersymmetric 
D-branes and their bound states were used extensively in testing various conjectures which 
involve knowledge of string theory or gauge theory beyond their perturbative regime. They 
are also of importance in understanding the physics of black holes from a microscopic point 
of view. In view of their widespread applications, it is often very useful to generalize D-brane 
bound state constructions. As a step in this direction, in ^3] , we have constructed generalized 
DO — D2 bound state using charged macroscopic strings [T3] . These strings carry, in 
general, many parameters associated with the charges and currents. As a consequence, the 
D-brane bound states have many nontrivial charges. We argue that these configurations 
can also in general carry F-string charges and momenta along their worldvolume directions. 
We then further extend our result by presenting the generalized {Dp — D{p + 2)) bound 
states. In this context we give an explicit example for the Dl — D3 case. A method for 
obtaining the bound state of various D-branes is described explicitly in ^H] • This is done by 
smearing the brane of type IIA (IIB) theory along certain transverse direction and mixing 
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it with a longitudinal direction through a coordinate transformation to construct 'tilted' 
brane in D = 10. Finally, an application of T-duality on the configuration leads to a 
bound state solution in the dualized IIB (IIA) theory. As stated earlier, in this paper we 
concentrate mainly on DO — D2 bound state of the IIA theory. They are constructed by 
starting with a D-string solution in the IIB theory in D = 10, which is also delocalized 
along one of the transverse directions. These delocalized solutions can also be obtained by 
decompactifying a fundamental string solution in D = 9 to D = 10. Further, one applies 
an S- duality transformation in D = 10 to construct SL{2, Z) multiplets. One, however, 
knows the existence of more general string solutions in heterotic as well as type II strings in 
all dimensions 4 < < 9^1l^, which carry vectorial charges and currents. We make use 
of such charged macroscopic string solutions to generate a generalized smeared (delocalized) 
/^-string in D = 10. We then apply the procedure for obtaining the D-brane bound states, 
as described above, on such delocalized configurations. For the special case when vectorial 
charges are set to zero, our delocalized solutions reduce to the D = 10 smeared string 
solutions of [16^ . We therefore have a generalization of the DO — D2 bound state by starting 
with the charge macroscopic string solutions in D = 9. 

We also show that by smearing some of the transverse directions of our 'generalized' DO — 
D2 bound state discussed above, and applying T-duality along these additional directions, 
we can construct new Dp — D{p + 2) bound states as well. We work out the case, p = I, 
explicitly. In fact even more general bound states can be constructed by using D < 9 charged 
macroscopic string solutions. We however mainly restrict ourselves to the D = 9 solutions. 
We also explicitly verify the (non-threshold) BPS condition in all the examples discussed 
here. 
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2.2 Review of Charged Macroscopic String Solutions 



Study of string theory in early 90 's focussed mainly on the construction of classical solutions 
in string theory. In order to study the nonperturbative aspects of string theory, one needs 
to include the solitonic states present in the theory in addition to the standard Fock space 
states. In particular, some underlying symmetries of string theory become manifest only 
after including these solitonic states. This also gives new insight into the study of black 
hole evaporation in quantum gravity. In f?! ^], a specific example of such solution was 
constructed, which represents fields around a macroscopic heterotic stringsjin]. It was found 
that various properties of these strings resemble with those of the string solutions found ear- 
lier, such as the force between two parallel strings vanish and so on. The classical solutions 
of the low energy effective field theory equations of motion were constructed which repre- 
sent multi-string solutions. These strings carry both electric and magnetic charges. The 
study of charged macroscopic strings are useful in the context of black hole physics [20 and 
strong/weak duality applications. In the context of dualities, they played an important role 
in SL{2, Z) duality in ten dimension and a string-string duality between K3 compactifica- 
tion of IIA and compactification of heterotic string theory. The support for this duality 
involved the construction of certain BPS states carrying (1-form) gauge field charges. Such 
states were obtained by using charged macroscopic string solution of heterotic strings with 
1/2 supersymmetry and then by mapping them to type II theory. 

In case of heterotic string theory, besides the string coordinate there are other degrees 
of freedom as well. In particular, it contains 16 internal degrees of freedom , which are 
responsible for giving the gauge field in the spectrum of the theory. Thus if one considers 
a string source, where the worldsheet momenta conjugate to the coordinate is nonva- 
nishing, it would represent a macroscopic string carrying finite amount of charge per unit 
length. Charged macroscopic string solutions are generated from the neutral string solution 
by applying a solution generating technique ^1] and are in general parametrized by a group 
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{0{d — 1,1; d — 1, 1)) arising out of one time and d—1 spatial isometries. These parameters 
also appear in the charged macroscopic string solutions. In particular, the solution described 
in ^1 is parametrized by two nontrivial parameters of the transformation namely a and 
f3. The general solution for arbitrary values of a and (3 for D < 10 is given in ^3]. Explicit 
supersymmetry property of these solutions are given for /5 = 0, a 7^ and a = —(3 in 
[TH] . For algebraic simplifications, in this paper, we will deal with these choices of a and (3. 
Decompactifications, SL{2, Z) transformations and T- duality operations for general a and 
j3 are possible to write down, but algebraically more complicated. 

The bosonic backgrounds associated with charged macroscopic strings in spacetime di- 
mension D have been obtained from similar solutions in heterotic strings [Tl] by turning of 
the sixteen gauge fields associated with the right moving bosonic sector. The above is pos- 
sible because the right moving sector is proportional to the NS-NS sector of type II theory 
in ten dimensions. The solution is given by: 

ds^ = r^-^A-^[-{r^-'^ + C)dt^ + C{cosh a -cosh (3)dtdx^~^ 
+ ir^~^ + C cosh a cosh f3){dx^~^f] 

+ {dr^ + r^dnl_^), (2.2.1) 

C 1 
B(^D^i)t = — (cosha + cosh/?){r^'^ + -C(l + coshacosh/?)}, (2.2.2) 

e-* = (2.2.3) 

= -^^|^Csinha{r^-^cosh/5+ ^C(cosha + cosh/3)} 
for 1 < a < (10 - D) , 

p{a-10+D) 

— -C sinh/?{r^~'^cosha + -C(coshtt -t- cosh/3)} 



2V2A ' 2 
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for (10 - L>) + 1 < a < (20 - 2D) , 



, , 77(a) 1 

Agii = -^-^Csinha{r^-^ + -Ccosh/5(cosha + cosh/3)} 

for 1 < a < (10 - D) , 

= 2y/2A ^ ^^^'^ I3{r^~^ + -C cosh a(cosh a + cosh (3)} 
for (10 - D) + 1 < a < (20 - 2D) , 



(2.2.4) 



(2.2.5) 



where, 



A = r2(^-4) + Cr^-\l + coshacosh/?) + — (cosha + cosh/?)^ , (2.2.7) 

P = — sinh^ a sinh^ /? , (2.2.8) 
2A ^ ^ 

Q = -CA-^sinhasinh/3{r^-^ + ic(l + coshacosh/3)}. (2.2.9) 

with n^°^ ^ p^""^ being the components of (10 — Z))-dimensional unit vectors. A^'s in eqns. 
()2.2.4j) . ()2.2.5|1 are the gauge fields appearing due to the Kaluza-Klein (KK) reductions of 
the ten dimensional metric and the 2-form antisymmetric tensor coming from the NS-NS 
sector, Bfj^i, is the NS-NS 2-form field and $ is the dilaton in the D-dimensional space-time. 
In the above configuration, C is a constant related to tension of the string. The matrix 
Md parameterizes the moduli fields. The exact form of this parameterization depends on 
the form of the 0(10 — D,10 — D) metric used. The above solution has been written for a 
diagonal metric of the form: 

Ln=(~^''-'' J ). (2.2.10) 
One sometimes also uses an off-diagonal metric convention (as in eqn. ()2.2.17|) below: 

L=(^ ^i°-^V (2.2.11) 
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These two conventions are however related by: 



(2.2.12) 



where 

P = ±(-^'^-^ (lo-^V (2.2.13) 
v2 V ho-D ho-D J 

The gauge fields in two conventions are related as: 

^^')=^fin, (2.2.14) 



with ^^'^'s in the above equation being (10 — D)-dimensional columns consisting of the gauge 
fields A^'s defined in p.2.4ll2.275|) . and coming from the left and the right-moving sectors of 
string theory. 

We now discuss the decompactification of the D-dimensional solutions ()2.2.H) - ()2.2.9|) to 
D = 10. As stated earlier, we now restrict ourselves to specific values of the parameters: 
a = —P, a = (3 and /? = 0, a 7^ for algebraic simplifications. These special cases, in 
particular the latest possibility, encompasses all the nontrivialities of our construction. We 
also restrict ourselves to D = 9 for constructing DO — D2 bound state. First we start with 
the seed solution (with P = 0, a arbitrary) given as: 

cosh^Ke-^ - 1) 



B{D-l)t 



cosh^ f — sinh^ | ' 



4(1) _ 4(1) X 



sinh aie — 11 



2^/2 cosh^ f e-^ - sinh^ f ' 



$ = -ln(cosh2|e"^-sinh2|), (2.2.15) 

24 



with e ^ being the Green function in the 5-dimensional transverse space: 



C 



e-^ = (l + -), (2.2.16) 

and constant C determines the string tension. 

Now, to construct delocahzed solutions in D = 10, we decompactify the above solution 
back to ten dimensions. The decompactification exercise is done following a set of notations 
given in When restricted to the NS-NS sector of type II theories, they can be written 
as: 



^ah — '-^[a+(D-l),6+(D-l)]' ^ah — -D[a+(D-l),fe+(D-l)] ' 
A{a) _ 1 Aafe^(lO) 

A{a+(W-D)) _ 1 p(10) A Ab) 

^ _ ^(10) ^(10) ^(10) Aafe 

<J-/iP — ^flD '-^[(a+(D-l)),/t]'-^[(b+(D-l)),P]'-^ ' 

Bp, = B^^ - ABabA^Af^ - 2(Af - A^f^A^^^^-^^^ 

$ = <l>(^°) - ^IndetG, 1 < a,b < 10 -D, < fi, u < {D - 1). (2.2.17) 

We now start with the nine- dimensional {D = 9) solution in ()2.2.15|) and following the 
Kaluza-Klein (KK) compactification mechanism summarized above, write down the solution 
directly in ten dimensions ^S]. For (3 = 0, only nonzero background fields are then given by 

ds"^ = 2 1 ^{-dt^ + {dx^f) 

cosh ^e~-^ — sinh ^ 



sinh2f(e-^- 1) , , , 

+ 2 — ^ i^{dt + dx^f 

cosh ^e~-^ — sinh ^ 



2 ^ 2 



+ ^'^^"^t — ^rfx9(rft + c/x«) + Vc/xW + (c/x^)2, (2.2.18) 
cosh |e~-^ — sinh | ~^ 



^ _ cosh^Ke-^- 1) 
~ cosh^ f e-^ - sinh^ f ' 
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sinh a 



-^-11 



9t 



2 cosh^ f e--^ - sinh^ f 
The dilaton in ten dimensions remains same as the one in ()2.2.15j) : 



98- 



(2.2.19) 



$(10) = - ln(cosh2 -e-^ - sinh^ -). 
For a = —f3, on the other hand, we have D = 9 solutions given by a metric: 



1 



1 + 



C cosh^ a 



The only non-zero component of the antisymmetric tensor is of the form 



C cosh a 



t8 



+ 



1 



(2.2.20) 



1 7 

^{dx^f + J2dx'dx\ (2.2.21) 

1+75 i=l 



(2.2.22) 



(r5 + C) ' (r5 + Ccosh^a) 
We also have a nontrivial modulus parameterizing the 0(1, 1) matrix Md in eqn. ()2.2.6|) : 

C cosh^ a 



O99 = g = ^ 



The two gauge fields appearing in equations ()2.2.17|) for D = 9 are of the form: 

C sinh a cosh a --^ 
' ^ 2{r^ + C cosh' aY ' 

72 a2 —C sinh a 

^« = 2(r5 + C) • 

The decompactified solution for a = — /? case in D = 10 is given by: 



(2.2.23) 



(2.2.24) 
(2.2.25) 



ds' 



;i - ;^sinh^a) , _o 1 + -^cosh^a 



1 + S 



-{dty 



1 + ^ 



(dx 



9\2 



^coshasinha „ , 1 , , «,n , . „ 

+ " _ ^ dx^cit + -^^{dx^ + Y.idx'f, 

1=1 



1 + S 



antisymmetric NS-NS 5 



fiu- 



_ sinhg 



cosha 
r5 + C" 



(2.2.26) 



(2.2.27) 



26 



and by the dilaton: 



$(1°) = -ln(l + (2.2.28) 



For a = /?, the D = 9 background metric and antisymmetric tensors are identical to the one 

in ()2.2.21|) . The modulus field is now given by, 

1 + c 

g = ^ ■ (2.2.29) 

^ 1 I C cosh^ a ^ ' 

Finally the components of the gauge fields are now: 

1 1 : 1 C sinh a 

^1 = 0, Al = ^p^, (2.2.30) 

^ -C sinh a cosh a ^ 
* 2(r5 + Ccos/i2a)' * ^ ^ 

The 10 dimensional metric along with the antisymmetric tensor fields and dilaton are given 
by: 

1 + cosh a 1 + cosh a 1 + cosh a 



+ 2 ^/r^" idx')idx') + j:idxf, 
1 + cosh a ~\ 

= 2 — sinh a cosh a, B^t = ^ — cosh a 

1 + cosh a 1 + "H- cosh a 



- -ln(l + ^cosh2a). (2.2.32) 



C 
r 

Before applying 5*^(2, Z) transformation to the solutions in eqns. (|2.2.1 8j) - (j2.2.2(Hl . (j2.2.2eijl - 
(I2.2.28|l and ()2.2.32j) . we now describe the general construction of Dp — Dijp + 2) bound 
states starting from D- strings of type IIB |16j . 

2.3 Construction of i^-brane bound states 



In this section we first review the construction of i^O — D2 non-threshold bound states in 
type IIA string theories from the (neutral) D-strings in type IIB. Our starting point in this 
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case is the D-string solution, smeared (delocalized) along a transverse direction x = . This 
solution is given as: 



2 I ^„,2 7 

2 



ds^ = y^(Ji±^ + dx' + y2{dx') 

\ H i=l 



= H. (2.3.1) 

H = l + ^^. (2.3.2) 
is the solution of the Greens' function equation: 

AiJ = CAjv-i7r,=i5(xO, (2.3.3) 

where N indicates the transverse directions which are not smeared and is the area of 

orthogonal to the brane. To compare with the solutions in section-2, one identifies H = e~^. 
Then a rotation is performed between x and y directions: 



X \ _ I cos (p — sm </) \ / X 
y J V sin cos (f) ) \ y 



(2.3.4) 



to mix the longitudinal and transverse coordinates of the above solution. The solution in 
eqn. ()2.3.Hl then transforms to: 

-dt"^ ,cos^ d) n ._o .sin^-^ 



ds' = VH 



^ + (— ^ + sin' 0)rfy + (-^ + cos' 0)rfr 

1 ^ 
1 ----- ■«-^ ' - n2 



-|- 2 cost;/) sin (^(— — l)dydx + y^((ix') 



i=2 



A'^^^ = ± - 1^ dt A {cos (pdy + sin (pdx) , 



e*^ = H. (2.3.5) 
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Finally, a T-duality transformation fl^ ITBj on coordinate x gives the following classical 
solution in the type IIA theory: 

i;^2 I j~,2 



H 1 + {H 



± I — — 1 ) sin (pdt, 



^ (i/-l)cos(/) 
1 + - 1) cos2 

(if — 1) COS sin 



-dt A dx A dy, 



1 + {H -1) cos2 



Hi 



dx A dy, 



(2.3.6) 



1 + (if - l)cos2(/)' 

Solution in eqn. ()2.3.6|) can be interpreted as a DO — D2 bound state. The DO and D2 
charge densities carried by the above bound state solution are given as: 



Qo = 5C sin ( 
Q2 = 5C cos 0^6, 



(2.3.7) 



where Aq is the area of orthogonal to the brane. The ADM mass [211 El is defined by 
the expression: 

^ 9— p \^~P P 

r^'^dVt, (2.3.8) 



m 



9-p 

En' 

1=1 



9~p p 



a=l 



where n* is a radial unit vector in the transverse space and is the deformation of the 
Einstein-frame metric from flat space in the asymptotic region. We also should mention 
here that in order to write mass and charges, we have tuned the gravitational constant to a 
suitable value. The ADM mass density in the present context is found to be: 



mo2 = 5CAq. 



(2.3.9) 
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Mass and charge densities given in eqns. ()2.3.7|) and ()2.3.9|) above satisfy the BPS condition: 



{m,,2f = {Ql + Ql). 



(2.3.10) 



To generahze the results to other D-brane bound states, we smear one more transverse 
direction, ~ in eqn. ()2.3.(jj) . Finally applying T-duality along this direction, one is 
able to construct a. Dl — D3 bound state. In the dualized (IIB) theory, one can write down 
all the field components trivially. One finds an exact matching with the Dl — D3 solution 
of pni- In particular, matching of the 4-form field can be seen by using the identity: 

{H — 1) cos 1 {H — 1) sin (j){H — 1) cos sin 



^(4) 



1 + {H -1) C0S2 : 

(H-l)cosi 



2H 



1 + 



2 H 
H 



1 + {H -1) cos2 . 



1 + (if - 1)C0S2 



We give the final Dl — D3 solution for completeness as well as for later use: 



H{. 



-dt^ + {dy 

IT 



2\2 



+ 



dy"^ + dx^ 



1 + {H-1) cos2 



+ dr^ 



(2.3.11) 



+ r^{d9^ + sin^ e{d(t)l + sin^ 0i(ci02 + gj^a ^^(ci^^ + ^^^2 03^(^2))))| 



H 



1 + {H-1) cos2 



X dt Ady A dy"^ A dx 



± 4C cos sin"^ 9 sin^ 0i sin^ 02 cos (p^dcp A dcpi A d(j)2 A dcp^, 



s(iO) 



e b 



H-1 



H 



sin A dy'^ 



(-fi — 1) cos0sin0 
1 + (ii — 1) cos^ 

H 

1 + (//- 1)COS2 0' 



(2.3.12) 
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where H = 1 + ^. 

One can now repeat this process to generate all the bound states of Dp — D{p + 2) type 
in a similar manner. We now apply the general procedure described above to the charged 
macroscopic string solutions of section-2.2. 

2.4 Generalized {Dp — D{p + 2)) bound state 

In this section we construct non-threshold bound states which are the generalization of the 
DO — D2 bound state presented in the previous section. Here we discuss the a = —(3 and 
a = (3 solutions of section-2 and postpone the discussion of /3 = 0, a 7^ solutions to 
section-2.5. 

2.4.1 a = — /3 Solution and Generalization of D0 — D2 Bound States 

The delocalized elementary string solution is given in eqns. ()2.2.2(jj) - ()2.2.28j) . A delocalized 
D-string in D = 10 can be generated from this solution by an application of ^-duality 
transformation f25j which transforms an elementary string into a D-string. The metric, 
antisymmetric 2-form (3^^) and the dilaton for the delocalized D-string solution are given 
by: 

24sinhacoshQ; , q , 1 . , sx2 

+ " , dx^dt + ^^={dxY 



+ f + ^tidx^)^ (2-4.1) 

4? = B,s, B^S = B,s, e<'' = 1 + ^, (2.4.2) 

with Bqs and Bfg as given in eqn. ()2.2.27|) and the superscript on B denotes the R - R nature 
of the 2-form antisymmetric tensors. The next step of our construction is to apply rotation 
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in [x^ — x^)- plane by an angle which gives the following configuration: 



1 + -^cosh^asin^f/) 02 2-^coshasinhacos0 „ 
+ ^ , (ax ) H — , ax at 



2-^coshasinhasin(/) „ 2-^cosh^Q;sin</)cos</) , „ 
-dx^dt - ^ — - dx^ 



l + SE(^^f' (2-4.3) 
' i=i 



Bf} = — -^-^coshacos^, 

8t C + 



Bf) = 77-^— ^coshasinc/), 
9t C + 



Bfi = ^sinha. (2.4.4) 



Finally we apply T-duality along the x^-direction. By following the prescription as given in 
[iniEn], we end up with the structure for the metric, NS- NS B^i,, as well as 1- form and 3- 
form fields of type II A theory: 

,^0 1 + .^-fl — cosh^a sin^ (/)) 

dS^ = '•^ — — dt^ 

'1 + ^(1 + -^ cosh^ a cos2 6) 



1 + ^cosh2acos20 Jl + 4(1 + gcosh2acos20) 



^sinhacoshasin*^ , ,~8 / ^ \- 



1 + 4(1 + %cosh2acos2r 



dtdx^ + \/ 1 + ^ E (dx'f, (2.4.5) 



(10) 



g 6 = 

1 + 4cosh2Q;cos2(; 
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At = — rcoshasin^, = — rsinha 

C + 6 + 

^ ^sinhacoshacos^ ^ ;^sin0cos0cosh^a 

^* 1 + -^cosh^acos^f/) ' 1 + -^cosh^acos^c/) 



— -^coshacos^ 

-^9*8 = , ^ g ^ (2.4.6) 



This solution is a generalization of the DO — D2 bound state, where in addition we have 
turned on NS-NS 2-form as well. To show that this indeed represents a non-threshold 1/2 
BPS state, in the next sub-section, we explicitly verify the mass-charge relation of these 
bound states. 

Mass-Charge Relationship 

To show the BPS nature of our solution, we perform a dimensional reduction of our solution 
along and directions. By dimensional reduction, one avoids any ambiguity that may 
arise due to the presence of purely spatial components of the p-form fields in equation ()2.4.5|1 . 
()2.4.fij) above. As a result, all the nonzero charges in our case arise from the temporal part 
of 1-form field components only, in this eight dimensional theory j^Ej. They are ~ At, 
A^ ~ Bg^, A^ ~ ^g^g from the components of the p-form fields, as well as off-diagonal 
component gts/Oss '^^ metric. The charges associated with these field strengths and 
metric components can be read from the solutions ()2.4.5|) . ()2.4.6|) . They are : 

Qi = SCcosha sin0, 
Q2 = — SCsinha cosha cos0, 
Q3 = — SCcosho; cos I 
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P = SCsinha cosha smcp, (2.4.7) 

where Qj's are the charges corresponding to the field strengths of A] that we just defined 
and P can be interpreted as the momentum along direction in the ten-dimensional theory. 
The mass-density of our bound state can be computed using ()2.3.8j) and is given by 

m(o,2) = SCcosh^a. (2.4.8) 
Comparing ()2.4.7j) and ()2.4.8|1 . we get the standard BPS condition as: 

(mo,2)' = Q\ + Q\ + Q\ + P'. (2.4.9) 
This, in turn, implies the supersymmetric nature of the bound state. 
Further Generalization to Dp — D(p + 2) 

We now obtain a generalization of the D1—D3 bound state solution presented in eqn. ()2.3.12|) 
by applying T-duality along x'' direction on the generalized DO — D2 solution ()2.4.5|) . ()2.4.6|1 
presented earlier in this section. The final result is given by: 



dS^ = - l + ^(l-eosh^«sin^0) yi + ^ 

+ ^(1 + 4 cosh^ a cos2 6) 1 + ^rcosh^acos^^ 



^1 + ^(1 + gcosh2acos20) Jl + ^ 



^sinhacoshasin^ + Jl + ^ E (^-f , 



l + ^(l + ^cosh2acos2(/)) V r4 



C sin 6 cosh a .(o) C sinh a 



i=l 



(2) _ o Sin (p cosn a (2) 
■^7* - (^A^n\ ' As 



(r^ + C) ' 78 (r^ + C)' 



At 



I c 

(4) _ 



J cosh a cos 0) r 1 + 



9*87 2(1 + ^ 



1 + 



cosh a cos^ 



^sinhacoshacos0 ^ ^sin^cos^cosh^a 
^* 1 + -^cosh^acos^^ ' 1 + -^cosh^acos^^' 
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Once again, for the special case a = 0, our solution reduces to the one in [12]. We have 
therefore presented a generalization of the Dl — D3 bound state to include new charges and 
momenta. The BPS nature of the new solution can be again examined by looking at the 
leading behavior of the gauge fields when the above solution is reduced along all its isometry 
directions: . They are: 

Qi = AC cosh a sin 0, 

Q2 = — 4C cosh a cos 0, 

Q3 = —AC sinh a cosh a cos 0, 



P = —4C sinh a cosh a sin 0, (2.4.11) 

where Qi, Q2, Q3 and P are the charge associated with A'^-^t , -^Mi^ ^^"^ ^^8' respectively. 
In order to compute the ADM mass-density, we find: 

c-z-s 1 ,2 2 
n77 = — — — I — cosh a cos • 
H V 4 4 

hso = ^ f cosh^ a — - cosh^ a cos^ — - 

^99 = ^[l - 4 cosh a COS 0J , 

C /I 1 
H V4 ^ 4 



= l4 ( 7 + 7 cos^^ " ^os^ ^ ) ^^i' (2.4.12) 



with /ijj's being the deformations of the Einstein metric above flat background. One then 
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gets, using ()2.3.8p . the mass-density of the Dl — D3 system as: 

mi,3 = 4:C cosh^ a. (2.4.13) 

We therefore once again have: 

ml3 = Ql + Ql + Ql + P', (2.4.14) 

showing the BPS nature of the new bound state. Further generahzation to higher Dp — 
D{p + 2) bound states can similarly be worked out. We therefore skip the details. 

2.4.2 a = (3 Solution and Generalized DO — D2 Bound State 

The delocalized /^-string solution, in this case can be constructed by using the S'-duality 
transformation on the generalized F-string solution given in eqn. ()2.2.32j) . The classical 
solution for the delocalized D-string is given by: 

ds' = ^ {dtf+ , {dx'^f 

l + ^cosh^a) ./(l + ^cosh^a) 



1 + ^sinh^a g 2 , ^ ^sinha g 9 

+ ^ ' {dx ) +2 ' ={dx ){dx ) 

;i + ^ cosh^ a) V (1 + ^ cosh^ a) 



C ' 



_2 

1=1 



(1 H — - cosh^ a) ^ {d. 



^$(10) _ X _|_ cosh^ a, 



(2) .^sinhacosha ro) cosh a 

= -T c T^' Bil--V^ T^- (2-4.15) 

1 + cosh a 1 + cosh a 



Now, as already explained in the previous case, we apply a rotation in the {x^ — x^) plane 
by an angle 0, which gives the following configuration: 

ds^ = - , ' (dt)^+^+^(;"^'^+""^"""'^^'(dx^)^ 

l + ^cosh^a) ^(l + ^cosh^a) 
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2-^(cos0 + sin0sinhQ;)(sinhQ;cos0 — sine/)) ^ 
+ — / ^ ,o = )idx ) 



^l + ^cosh^o; 



0) _ ^ — ^ cosh^ a, 



(2) "T cosh Q; 

-B^/ = -rr^ r2— (cos smh a - sm 0) 

1 + cosh a 



cosh a 
1 + 4 cosh"" a 



Bff = — . (sin(/)sinha + cos0) (2.4.16) 



Next, we apply T-duahty along direction as the final step of our construction. The metric, 
dilaton and various field strengths of the resulting configuration is given by: 



1 o \/ 1 + cosh^ a „ 9 

^(l + ^cosh^a) l + §(cos0 + sinhQ;sin0)2^ 

Jl + -^cosh^a „ o I C 7~ JL 

+ rr -{dx^f + \l + ^cosh^ay^{dx'y 

1 + ^(cos + sinh a sin 0)^ V ^ 



3 



^$(10) _ (1 + ^:5)^ 



1 + ^(cos (f) + sinh a sin 0)^ 
■^cosho; 

= ^—ri 9 — (cos 6 sinh a — sin © ) 

l + ^cosh^a 

cosh ce 

Ag^^ — — ^-77 — 2 — (sin (p smh a + cos (p) 

1 + cosh q; 



(cos (f) + sin sinh a) (sinh o; cos — sin 0) 



— —111 I I il I ZZ C2 4 17) 

1 + ^(cos0 + sinhQ;sin0)2 ^ ' ' ^ 

This solution describes the generalized D0—D2 bound state which contains additional NS-NS 
fields in addition to the 1-form and 3-form RR fields. To show that the above solution really 
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represents the non-threshold bound of DO — D2 branes, which preserve 1/2 supersymmetry, 
in the next sub-section we will verify the mass-charge relationship explicitly. 

Mass-Charge Relationship 

To show the BPS nature of the solution, described in the earlier sub-section, we will apply 
dimensional reduction along the two directions and x^. As a result all non zero charges 
comes from the temporal component of 1-form field components only in the eight dimensional 
theory. They are A] At, Af -^gst from the components of the p-form fields. The charges 
associated with these field strengths can be read of from the corresponding expressions given 
in eqn. ()2.4.17|) . They are: 

Qi = — 5Ccosha(cos(^sinha — sin(^), 

Q2 = 5CcoshQ;(cos0 -|- sin0sinha) (2.4.18) 

where Qj's are the charges corresponding to the field strengths of A] [i = 1, 2) that we have 
defined. The mass-density of our bound state can be computed by using ()2.3.8|) and is given 
by: 

m(o,2) = SCcosh^a. (2.4.19) 
Comparing (j2.4.18;i and (j2.4.19;i . we get the 1/2 BPS condition as: 

{mo,2? = Ql + Ql (2.4.20) 

This, in turn, implies the supersymmetric nature of the bound state. As described earlier, 
one can also find out all other Dp — D{p + 2) bound states by applying T-duality along the 
transverse directions of the {DO — D2) solution described in eqn. ()2.4.17|) . 
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2.5 /3 = 0,a 7^ Solutions and Generalization to {p,q)- 
Strings 



In this section, we discuss even more nontrivial examples, using /5 = 0, a 7^ cases, dis- 
cussed in section-2.2. We now also perform further generalization by applying T-duality on 
delocalized (p, g)-strings rather than (0, 1) or D-strings. 



The delocalized elementary string solution in ten-dimensions for /3 = 0, a 7^ situation is 
given in eqns. ()2.2.18j) - ()2.2.2()j) . This solution represents a string along x^, which is delocalized 
along . One can use it to construct generalized bound states in the manner described in 
the last section. We, however, make further generalization by using the SL{2, Z) symmetry 
of type IIB string theories in D = 10. We can easily construct a (p, q) multiplet of delocalized 
string from ()2.2.18|) - ()2.2.20|) . The procedure of constructing such configuration is discussed 
in Instead of giving the detail, we write down the final form of the configuration. 
The metric is given by: 



2.5.1 Construction of SL(2, Z) Multiplets 



ds'' 



£( - [1 - sinh2|(e-^ - l)]dt' + [1 + sinh2|(e-^ - iWx^f 



+ 




7 



+ 




(2.5.1) 



i=l 



where we have defined 




(2.5.2) 



Furthermore, the NS-NS and R-R two forms are given by 




P 




P 





\/p^ + q 



\/p^ + q 



'9t — 
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p(2) _ g p p(2) _ 9 p _ p(2) ^9 c; q\ 

Here Bst,Bgt,Bgs are given by ()2.2.19p . The superscripts 1 and 2 indicate that these two 
forms are NS-NS and R-R in nature respectively. Also, after SL{2,Z) transformation, we 
have the dilaton and axion as: 

,r^-2>4^^^^). x^^^. (2.5.4) 
2.5.2 Construction of Bound States 

Now, we perform, as before, a rotation on the above (p, q) string solution in the — 
plane. This is again given by 

dx^ = cos(f) dx^ — sin0 dx^ ^ 

dx^ = COS0 dx^ + sin0 dx^. (2.5.5) 

Under this rotation, ()2.5.1|1 - ()2.5.H|1 become: 
A 



ds^ = — — (1 — 5Q,)(it^ + [sin^0(l + 5a) + 7Q,sin0cos0 + Acos^0]((ix 



; — I I — ti^ Mi l. -I— I Ni I I I —I— / ) - I —I— ' y —I— / \i •{ IN r/; I I / //"^ ^ ^ 



+ [cos 0(1 + 5a) — 7oSin0cos0 + Asin (j)\{dx 
+ [7aCos20 + 2{5a — A + I)cos0sin0](ia;^(ix^ + [2(5aSin0 + 7Q,cos0](ix^(it 

7 

+ [25acos0 - 7«sin0]dx*dt + A ^(rfx*)^) , (2.5.6) 

i=l 



and 



d(i) "P r A.( -E 1 , X N , sin</)7o. 



P r ■ Af -E T , X \ cos(/)7„ 



^(1) PI 



98 2AVp^ + 
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Here, we have defined 



(5„ = sinh2|(e-^ - 1), 7^ = sinha(e-^ - 1), (2.5.8) 

Furthermore, the dilaton and axion remain same as ()2.5.4p . Our final step of the construction 
is to apply T-duality along direction. The resulting solution would then correspond to a 
bound state in type IIA theory. The T-duality map between IIA and IIB theories is given 
explicitly in [211 Ej. Applying this map, we end up with resulting configuration: 

(sin0(e~'^ — 2 + 5a) — cos07q,) — Acos^0(l — 5a)} 
-g2A{(sin0 + ycos0)2 + Acos20(l - 5a)}]idt)^ 

^ [A{-7'g' + 45„(p' + Ag2)}cos<^ 



2AaVp' + qWp' + g'A 
-2-fa{5ap'^ + e'^p"^ + Aq^}sm(f)]dtdx' 



CTy^p'^ + q'^A 



dx dx 



====[2sin0(e~^ — 1 + 5a) — 'yaCos(l)]dx^dt 

avp + q A 

V{^cos0 + (e-^ - 1 + (5„)sin0}2]dx^rf5* 

+^^^di'dx' 
(^VP + Q A 



+ (2.5.9) 
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The IIA dilaton is 



p"' + q 

The two form components are given by 

Bts = -^^^^^==[-7a(e-^ + 5a)sin0 + 2A(-e-^ + l-5Jcos0], 
i3j9 = -[5aSin0+ ^cos0], 

Bgg = -[^cos2(/) + ((5a- A + l)cos(/)sin0]. (2.5.11) 

a 2 

The nonzero components of 1-form and 3-form fields in IIA theory are given by 



. qVp^T^. ■ jj -E 1 , r N cose; 



p2 + qiA 



^5 — 



^9 



m(a - 1) 

p2 _|_ 



where 



and 



^,89 = ^^^^^^_-_^ [-7,(e-^ + 5o)sm^ + 2A(-e-^ + 1 - ^a)cos0], (2.5.12) 



a = sin^0(l + Sa) + 7aSin0cos0 + Acos^0, (2.5.13) 



e-^ = l + ^. (2.5.14) 



r 



We, once again, have multiple nonzero components of the NS-NS 2-form as well as R-R 1- 
form and 3-form fields, in addition to having nonzero momenta coming from the off-diagonal 
components of the metric. We have explicitly checked that the above configuration reduces 
to known D-brane bound states in appropriate limits. 

2.5.3 Mass-Charge Relationship 

As in section- (2. 4), we now verify that mass and charge associated with the above solution 
satisfy the expected mass-charge relation of 1/2 (non-threshold) BPS bound states. As in 
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section- (2. 4), we once again reduce the solution along both its spatial isometry directions. In 
the resulting theory in D = 8, nonzero charges are associated with gauge fields from the 
IIA field reductions. We have the non zero gauge fields which are of electric type, given as: 
Al = At, = Afsg, Al = -Bfs, Aj = B^g, A^ = gfjgss, A^ = gt^/g^g The charges can 
be read off from the leading order behavior of the above expressions, and are as follows: 

Qi = ^ : X cosh— (sin0cosh cos^sinh— ), 

VP + 2 2 2 

^ 5Cq . a , , ,a 

Uo = , X cosh— I cosfflcosh |-sm0smh— ), 

Vp^ + 2^ ^ 2 ^ 2^' 

Qs = -^¥^xcosh^(cos0cosh^ + sin0sinh^), 
^/p^ + q^ 2 2 2 

(X Oi oc 

Qi = 5C X sinh— (sin^sinh— + cos^cosh— ), 



OL OL OL 

P\ = 5C X sinh— (cos0sinh— — sin0cosh— ), 

5Cp 1 Q; / . , ,0? , . 1 /„ ^ ^ ^^ 

X cosh— (sm0cosh cos0smh— j, (2.5.15) 



VFTF 2^ ^ 2 ^2' 

where Qi corresponds to the charge associated with Al, {i = 1,..,4) and the Pi, {i = 1,2) 
correspond to the charges with respect to the gauge fields A^ and A^. They also correspond 
to the momenta along and in the original uncompactified theory. The ADM mass 
density of the bound state, that we have constructed is 

'^K = SCcosha. (2.5.16) 

Therefore we have 



fmK) = Q,' + Q,' + Qs' + Q,' + P,' + P,\ (2.5.17) 



This relation implies that the bound state constructed above do satisfy the BPS bound for 
the system. As in section-2.4, one can also give a generalization of Dp — D{p + 2) bound 
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states in a similar manner, as discussed above, by smearing directions etc. in the solution 
()2.5.9I - 12.5. 12|1 and then by applying T-duality along these directions. We, however, skip 
these details. 

It is interesting to note that we have been able to generate all six gauge charges in 
D = 8, using our procedure. As is known, these gauge charges form a (3, 2) representation 
of SL{3,Z) X SL{2,Z) [/-duality symmetry in D = 8. We can therefore rewrite the RHS 
of equation ()2.5.17p in a ^/-duality invariant form by exciting general moduli as in I2(jj. 
This is not surprising, as solution generating technique used by us is known to be equivalent 
to the one using [/-duality transformations j2Zl EHl EH! • In particular, in examples where we 
consider particle-like states in D = 8 for writing down the mass-charge relations, the relevant 
[/-duality group is SL{3,Z) x SL{2,Z). In type IIB examples, this SL{2,Z) in D = 8 
originates from the group of constant coordinate transformations along the two internal 
directions, whereas SL{3, Z) is a combination of the D = 10 S-duality group together with 
the T-duality along the and x^. (3,2) multiplet of states mentioned above are then 
generated by applying these transformations to a seed solution in D = 8, originating from 
the (delocalized) F-string solution in D = 10. All our transformations can also be mapped 
to appropriate ones lying inside the [/-duality group. 

2.6 Summary 

We have explicitly constructed the nontrivial bound states of D-branes starting with charged 
macroscopic strings. In particular, we were able to construct configurations in ten dimensions 
which carry {F, DO, D2) charges as well as non-zero momenta. We also found that these 
bound states are supersymmetric. We have also checked that all our solutions reduce to 
known bound states in appropriate limits. We further generalized our results to {Dp — 
D{p + 2)) bound states in IIA/B theories. 

The bound states of D-branes, when compactified to lower dimensions, often allow us 
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to understand various properties of black hole including Bekenstein-Hawking entropy in a 
microscopic way [301 EH IS21 • It would be interesting to investigate as to what new insight 
we gain from our configurations along this direction. A first step may then be to reduce the 
solutions that we presented in sections- (2.4) and (2.5) to D = 8 and D = 7 respectively to 
interpret them as charged extremal black holes in lower dimensions. Various excitations of 
the higher dimensional bound states along the compactified direction may then correspond 
to the required degrees of freedom responsible for the entropy associated with the black hole. 
It would also, perhaps, be interesting to understand the conformal field theory descriptions 
of these bound states. They are typically described by boundary states of the underlying 
open string theory. Construction of these boundary states often turned out to be very useful 
in the past, see for example IHlj. 
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Chapter 3 



L>-BRANES IN PP-WAVE 
BACKGROUND 

3.1 Introduction 

PP- waves PiaSllllSlinilZliainilinillllliaiHIIllISlliniare known to be an interesting 
class of supersymmetric solutions of type IIB supergravity, with wide applications to gauge 
theory. It is known that pp-wave spacetime yields exact classical backgrounds for string 
theory since all curvature invariants and therefore all ol corrections vanish [T71 ITH]. Hence pp- 
wave spacetimes correspond to exact conformal field theory backgrounds. These backgrounds 
are shown to be exactly solvable in light cone gauge fOl 1201 1^- They are also known to 
be maximally supersymmetric solutions of supergravities in various dimensions [22, 23, 24J, 
and are known to give rise to solvable string theories from worldsheet point of view as well. 
Many of these backgrounds are obtained from AdSp x S'^ type geometries in Penrose limit 
and are also maximally supersymmetric PI E] . The particular case of AdS'^ x S'^ is of special 
interest, with applications to = 4, D = 4 gauge theories in the limit of large conformal 
dimensions and R-chargesjZj. Z)-branes known as nonperturbative objects in string theory 
also survive in this limits and also have an appropriate representation in such gauge theories, 
in terms of operators corresponding to 'giant gravitons' and 'defects ' [1^ 113]. Keeping in view 
of the importance of D-branes in understanding the nonperturbative as well as the duality 
aspects of string theory, it is desirable to study them in general backgrounds with flux being 
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turned on. Motivated by these facts, in (23 I^EI; we continue the search for exphcit D- 
brane supergravity solutions in string theories in pp-wave background. Our study has been 
concentrated mainly on the NS-NS and R-R pp-waves arising out of AdS^ x S'^ geometry 
[TU] . Explicit supergravity solution of D-branes, along with open string spectrum, has been 
studied in|27ll2Hll2niEDlEIlEaESlEllESlEniEZlEHl- Branes oriented at relative SU{2) 
angle in pp-wave background along with the K-symmetry and supersymmetry has also been 
discussed in literature [3^]. We give the supergravity realization of Z^-branes in the pp-wave 
background of AdS^ x x with constant and nonconstant three form flux. We also find 
it interesting to note that, unlike the case of AdS^ x PP-wave, in our case we are able 
to obtain several 'localized' D-brane solutions. Dp-branes in R-R PP-wave background are 
obtained by applying a set of 5* and T-duality transformations on the brane solutions in 
NS-NS background. Such background PP-wave configurations were already discussed in the 
context of i57-branes in |2H]- The worldsheet construction of these branes then follows from 
the results in j2H], and will also be discussed below. We, however, point out that there is 
a crucial difference between the solutions presented in this paper and those in In the 
present case, only light-cone directions of the pp-wave are along the branes, the remaining 
four are always transverse to them. On the other hand, for the solutions in the directions 
transverse to the branes are fiat. One of the important result of our construction is that 
the Dp-hrane {p = 1, 5) solutions, are fully localized, whereas the Dp — Dp' are localized 
in the common transverse space. In addition to the above solutions, we also present the 
D-brane solutions in the other pp-waves such as the ones in little string theories etc. 

PP-wave backgrounds with nonconstant flux have also been studied in ^01 021 UHl 
133]. The corresponding worldsheet theory is described by nonlinear sigma model. These 
theories provide examples of interacting theories in light cone gauge. The sigma model with 
R-R five form flux is supersymmetric and one can have linearly realized 'supernumerary' 
supersymmetries in these backgrounds 45 j . The corresponding sigma model with 3-form NS- 
NS and RR fluxes is non-supersvmmetric|41j unless there exists some target space isometry 
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and corresponding Killing vector fields, which ensure the worldsheet supersymmetry 43J. 
Also the supernumerary supersymmetries are absent in this case due to the structure of 
gamma matrices. The bosonic part is same in both cases and the two models share many 
properties, e.g. both are exact string theory backgrounds and integrability structure is same. 
We generalize our construction of D-branes with nonconstant flux as well. 

3.2 Review of i)-brane solutions in pp-wave background 

The pp-wave arising out of the Penrose limit of AdS^ x has the following metric and 
surviving constant field strength: 

8 

ds^ = -4dx^dx~ - i/x'f{dx^y + ^{dx' f 

i=l 

-P+1234 = F+:i45Q = Constant X ij, (3.2.1) 

where x^ = |(a;° ± x^) are the lightcone coordinates. The metric part of the solution has 
isometry group 50(1, 1) x 5*0(8) which is further broken to 50(1, 1) x 50(4) x 50(4) due 
to the presence of null RR five form field. This space is nonisotropy and homogeneous. On 
the other hand, the pp-wave arising out of AdS^ x S'^ x kind of geometry has the following 
structure which is supported by constant RR 3-form flux: 

4 8 

ds^ = 2dx+dx- - fi^x^i{dx+f + Y.{dx'f + Y,idx''f 

i=l a=5 

F+12 = i^+34 = 2//. (3.2.2) 

D-branes, the extended objects in string theory, are important in understanding various 
duality conjectures in string and gauge theories. In AdS/CFT duality, they correspond 
to nonperturbative objects in gauge theory side or defects on which a lower dimensional 
conformal field theory lives. To study the field theory dynamics in the presence of such 



3 



objects using duality, it is often useful to have access to the supergravity solutions for D- 
branes in AdS space. Unfortunately not enough is known about these objects in curved space. 
But it is easy to treat them in pp-wave background, which is closer to the flat space. For 
instance, while the CFT construction of Z^-brane is rather difficult in AdS space [lUl W7\ I48j . it 
is much easier to treat this problem in pp-wave background |49l 130] . So the hope is that even 
the supergravity solution will be more tractable in pp-wave background. Performing this 
exercise might tell us how to tackle the same in AdS space. There are two ways to construct 
the explicit supergravity solutions of these objects in pp-wave background. First one is by 
direct search: Writing down the appropriate ansatz for D-branes in pp-wave background and 
then solve low energy supergravity equations of motion and the Bianchi identities etc.. The 
second approach is by taking 'Penrose' limit of the near horizon geometry of intersecting 
D-brane solutions. The problem with the second approach is to find out the 'localized' D- 
brane solutions in pp-wave background. Very few examples of these in AdS and pp-wave 
spacetime are known 1^ 1^ IMj 133] 1 ^ IHU] . For example: The D-brane solutions found 
out in [2H] represents localized D5 and NS5 branes in pp-wave background. These solutions 
were obtained by applying 'Penrose' limit to the near horizon geometry of intersecting brane 
solutions of the type NSl — NSl' — NS5 — NS5' discussed in[55 . The pp-wave background 
arising out of AdS^ x 5*^ type of geometry supported by nonzero five form RR-field strength 
are nonisotropy and homogeneous. Due to the nonisotropy nature of the space, D-branes 
with different orientations preserve different amount of supersymmetry. The homogeneity of 
space implies that D-branes can pass through any point in space at a given moment of time. 

Using D-brane approach, recently various embeddings of D-branes in pp-wave back- 
ground is explored. There are three kinds of branes in Hpp-wave background: longitudinal 
D-branes, for which the pp-wave propagates along the brane, transversal D-branes, for which 
one of the direction is transverse to the pp-wave, but the time like direction is always along 
the brane and instantonic D-branes, for which both the directions along which the pp- 
wave propagates and the time like direction are transverse to the brane. In the maximal 
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pp-wave background, there are two families of D-brane solutions exist. The first family is 
the delocalized, supersymmetric D-brane solutions and the second family is the localized, 
nonsupersymmetric solutions. These solutions were verified in [HI]. The peculiarity of the 
nonsupersymmetric solutions is that the gravity becomes repulsive close to the core of the 
D-branes. If we embed a Dp-hiane in this background in such a way that the pp-wave prop- 
agates along its worldsheet, the worldvolume coordinates splits into three sets: the lightcone 
coordinates {x~^,x~), m coordinates along the first 50(4) subspace (x^, ...x^) and n coordi- 
nates along second 5*0(4) subspace (x^, ...x^). For a Dp brane (m + n = p — 1), and this 
embedding is called in the literature as (+, —,m,n). We summarize the supersymmetry of 
various D-branes in these kind of embeddingsj^Hl E] in table (3.2). 



brane 


embedding 


SUSY 


Dl 


(+, -, 0, 0) 


1/4 


D3 


(+, -, 2, 0) 


1/4 




(+,-, 1, 1) 




D5 


(+,-, 3, 1) 


1/4 




(+, -, 2, 2) 




D7 


(+, -, 4, 2) 


1/4 




(+, -, 3, 3) 





Table 3.1: Amount of supersymmetry preserved by various D-brane supergravity solutions. 

In the next section we will discuss the Dp as well as Dp — Dp' branes in the pp-wave 
background arising out of AdS^ x type of geometry and supported by NS-NS and RR three 
form flux. As it will be clear that all the Dp-branes, for {p = 1, .., 5) are fully localized where 
as the Dp — Dp' are localized along common transverse directions. We will also discuss the 
supersymmetry properties of these solutions and the worldsheet construction for the p — p' 
system. 
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3.3 i^-Branes in PP-wave Background with Constant 
NS-NS Flux 

3.3.1 Supergravity Solutions 

We start by writing down the D-string solutions in the pp-wave background originating from 

the Penrose hmit of NS-NS AdS^ x x ^U] . The supergravity solution of a system of 

N D-strings in such a background is given by: 

_i ^ 18 

ds^ = ^2dx+dx- - + f^Y.idx")^ 

1=1 a=l 

Na 

F+-a = dj^\ /^ = i + ^, (3.3.1) 

with /i satisfying the Green function equation in the 8-dimensional transverse space. We 
have explicitly verified that the solution presented in ()3.3.1|) satisfy the type IIB field equa- 
tions (see e.g. jnni EI!)- notices that in this case, constant NS-NS 3- forms along the 
PP-wave direction are required precisely to cancel the /x-dependent part of equation of 
motion. 

Starting from the D-string solution in eqn. 1)3.3.111 . one can write down all the Dp-hrane 
solutions (p = 1,..,5) in NS-NS PP-wave background by applying successive T-duahties 
along x^, ..,x^. As is known, this procedure also involves smearing of the brane along these 
directions. For example, a D3-brane solution has a form: 

_i 4 

ds"^ = /g ^2dx+dx- - /i2^x^(dx+)2 + {dx^f + (dxef) 

1=1 

+ /I E (d^a? 
a=l.. 4,7,8 

H+12 = = 2/i, 
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— 56a 



daf3-\ e^'^ = 1, (3.3.2) 



with /s being the harmonic function in the transverse space of the D3-brane. 

Now we present the supergravity solution of intersecting {Dp — Dp')-hTa.ne system in 
PP-wave background. These solutions are described as 'branes lying within branes'. In 
particular for Dl — D5 case, the solution is given by: 



i=l /s a=5 



4 

X. '2 



+ (/l/5)^E(^^ 

h, 

H^12 = i^+34 = 2/i, 



tj 1 

1 



— i — difi , FjYinp — (^mnpldlfbi (3.3.3) 

with /i and /s satisfying the Green function equations for Dl and D5-branes respectively. 
Eqn. ()3.3.3|) provides one of the main result of our paper and shows that, as in the flat 
space, intersecting brane solutions are possible in the PP-wave background as well. We have 
once again checked that the solution presented above do satisfy type JIB field equations of 
motion. 

One can now apply T-duality transformations to generate more intersecting brane solu- 
tions starting from the one given in eqn. ()3.3.3j) inSHSHl- Note that the directions x^,..,x^ 
are transverse to the D-string in eqn. ()3.3.3|1 . whereas they lie along the longitudinal di- 
rections of Db. As a result, one can easily obtain solutions of the type D2 — D4 as well as 
D3 — D3' in this pp-wave background. These solutions will give a PP-wave generalization 
of the intersecting solutions given in jHO]- We however skip the details of this analysis. 
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3.3.2 Super symmetry Analysis 

In this section we will present the supersymmetry of the solutions described earlier in the 
previous subsection. The supersymmetry variation of dilatino and gravitino fields of type 
IIB supergravity in ten dimension, in string frame, is given bv |6H lU^: 

SX± = l{^'d,<P T ^T'^''H,,,)e^ + ^e^±r*^F£) + ^T^'"'F^%)e^, (3.3.4) 



T r'-F^" - Ir'-^FW T 5^r'«''~«F^=;„J r„£^, (3.3.5) 



where we have used {n,u,p) to describe the ten dimensional space-time indices, and hat's 
represent the corresponding tangent space indices. F^'s are the ten dimensional Dirac ma- 
trices. Solving the above two equations for the solution describing a D-string as given in 
eqn. ()3.3.H) . we get several conditions. First, the dilatino variation gives: 

F'^e± - F+-"e^ = 0, (3.3.6) 

(F+^2 ^ r+^^)e^ = 0. (3.3.7) 

In fact, both the conditions ()3.3.6|) and ()3.3.7|) . are required for satisfying dilatino variation 
condition. Gravitino variation gives the following conditions on the spinors: 

54)^ = dae± = -^4^e±, = die± = -^4^e±. (3.3.8) 

0/1 0/1 

In writing the above set of equations, we have also imposed a necessary condition: 

F+e± = 0, (3.3.9) 
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in addition to ()3.3.6|) . Further, by using 

(1 - r^234)e^ = 0, (3.3.10) 

all the supersymmetry conditions are solved by spinors: e± = exp{—^lnfi)e^, with e^. being 
a constant spinor. D-string solution in eqn. ()3.3.1|) therefore preserves 1/8 supersymmetry. 
All other Dp-branes {p = 1, ..,5), obtained by applying T-dualities as discussed above, will 
also preserve same amount of supersymmetry. 

Next, we will analyze the supersymmetry properties of the intersecting branes. We will 
concentrate on the {Dl — D5)-case explicitly. The dilatino variation gives the following 
conditions on the spinors: 

re± - r+-*e:^ = 0, (3.3.11) 

r^e± + ^e..^[r^% = 0, (3.3.12) 

(r+^^ + r+^4)e^ = 0. (3.3.13) 

One needs to impose all the three conditions, specified above for the dilatino variation to 
vanish. On the other hand, the gravitino variation gives: 

= 5+e±T|(/i/5)-^(r^^ + r^^)r-6± = o, 5^±^a_6± = o, 



5^f = dit± = -\ 



fi /s 



e±, S^P^ = dae± = 0. (3.3.14) 



In writing down the above gravitino variations we have once again made use of the projection 
T~^e± = 0. The above set of equations can be solved by imposing: 



(1 - r^'^^)e± = 0, (3.3.15) 

in addition to ()3.3.11|) and the solution is given as: e± = exp{—^ln{fif^))e^. One therefore 
has 1/8 supersymmetry for the {Dl — D5) solution presented in eqn. ()3.3.3|) . 



3.4 p — p' Branes in PP-Wave Background with Con- 
stant RR-Flux 

3.4.1 Supergravity Solutions 

In this section, we will present the Dp as well as {Dp — Dp')-branes in R-R PP-wave of 
AdS^j, X X R^. These backgrounds can be obtained from the solutions given in the last 
section by applying S and T-duality transformations in several steps. For example, from 
the D3-brane solution in NS-NS PP-wave background ()H.H.2|1 . one gets a D3-brane in RR 
PP-wave background under S-duality transformation. Now applying T-duality along the 
directions {x^,x^), we can generate a Z)-string solution. On the other hand, by applying 
T-duality along two transverse directions, of the D3-brane, one gets a D5-brane 

lying along ( ^) directions. Supergravity solution of a system of N D-strings is 

then given explicitly by: 



ds^ = ~^{2dx^dx- - /i2^x2(c/x+)2) + ffY.^dx^f 

i=l a=l 
e^'^ = fl, -P+1256 = -^+3456 = 2/i, 

F+^a = dJ,-\ /, = 1 + ^, (3.4.1) 

with fi satisfying the Green function in 8-dimensional transverse space. One notices that 
the solution has a constant 5- form field strength. 
The supergravity solution of DS-brane is given by: 

1 4 8 1 4 

ds^ = /5 ^2dx+dx- - + Y^idx'^f) + UY^id^'f 



i=l a=5 i=l 



e 



2(j> 



/s \ -^+1256 — -P+3456 — -^+1278 — -^+3478 — 2/i, 



Fmnp ^mnpqdqf^^ 1 ^2 ' (3.4.2) 
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with /s satisfying the Green function in the transverse directions {x^, ...,x'^). Now we will 
present the {Dp — Dp')-brane solutions in RR PP-wave background. In particular, to write 
down the supergravity solution of a {Dl — D5) system, we made an ansatz which combines 
the D-string of eqn. 1)3.4.11) and D5-brane given in eqn. ()3.4.2|) . The final configuration is 
as follows: 

i=l /5 a=5 

1=1 

g2</, = A 

-P+1256 = -^+3456 = -^+1278 = -^+3478 = 2/i, 

F+-i = difi Fmnp = ^mnpldlf^, (3.4.3) 

with fi and /s being the Green function in the common transverse space. One can check 
that the solution presented above do satisfy the type JIB field equations. Once again, more 
p — p' branes can be obtained from the Dl — D5 solution in ()3.4.3|1 by applying T-dualities. 

One may also attempt to find a (Dl — D5) solution by taking a decoupling limit, followed 
by the Penrose scaling, of the solution presented in [S3] in a similar way as the D5-brane 
solution inJ3]. The starting solution along which one would take the Penrose limit is as 
follows: 



+ {!^y'''(d0'' + smH-dnl) + (H[H;,)''Hdy'' + i-dnl), (3.4.4) 



where 



i^i = l + 4' ^5 = 1 + 4' H[ = l + ^, H', = l + ^. (3.4.5) 

^2 ^2 y2 y2 
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One however notices that different terms in the metric above come with different powers of 
H[, leading to difficuhy in choosing a 'null geodesic' to define an appropriate Penrose limit 
and find brane solutions. 

3.4.2 Super symmetry Analysis 

Now, we will present the supersymmetry of the Dp as well as Dp — Dp' branes in R-R 
pp-wave background given in section-(2.2). First we will discuss the supersymmetry of the 
D-string in eqn. ()3.4.1|) . The dilatino variation ()3.3.4|) . gives: 

r^e± - r+-'^e^ = 0. (3.4.6) 

Gravitino variation gives the following conditions on the spinors: 

8 ^ ^ 
Si^^ = 9_e± = 0, 

S^Pa = dae± = -^4^e±, St/jf = die± = -^4^e±, (3.4.7) 

o Jl o Jl 

where we have once again imposed a necessary condition: T^e± = 0, in addition to ()3.4.6|) . 
Further, by using the condition: 

(1 - r^234) = 0, (3.4.8) 

all the supersymmetry conditions are satisfied, thus preserving 1/8 unbroken supersymmetry. 

Next, we present the supersymmetry property of the Dl — D5 solution written in eqn. 
fl3.4.3|) . The dilatino variation ()3.3.4|) gives the following conditions on spinors: 

r^e± - T+-'e^ = 0, (3.4.9) 

r^e± + l^e^^kiT^^^e^ = 0. (3.4.10) 
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On the other hand, the gravitino variation ()3.3.5p . gives the following conditions: 



St 



sr. 




(3.4.11) 



where we have once again used a necessary condition: T^t± = along with the ones in 
()3.4.9p and ()3.4.10j) . The above set of equations can be solved by imposing further: 



One therefore has 1/8 supersymmetry for the Dl — D5 system described in eqn. ()3.4.3|1 as 
well. 



In this section, we will discuss the {Dl — Z}5)-brane system, constructed earlier in the paper, 
from the point of view of first quantized string theory in Green-Schwarz formalism, in light- 
cone gauge. In the present case, in flat directions Xa{a = 5,..., 8), we have the Dirichlet 
boundary condition at one end and Neumann boundary condition at the other end of the 
open string. Along Xi {i = 1, 4) directions, one has the usual Dirichlet boundary condition. 
The relevant classical action to be studied in our case (after imposing the light-cone gauge 
conditions on fermions and bosons [lOj ) is as follows 34,: 




(3.4.12) 



3.5 Worldsheet Construction oi p — p 



' Branes 



3.5.1 NS-NS PP-wave 



L — L), + Lf, 



(3.5.1) 



where 



Lb 



d+ud^v — rn^xl + d+Xid-Xi + d+Xad^x, 



a 



13 



with 



(i,i)=(l,2),(3,4) 

Lf = iSR{d+ - mM)SR + z5l((9_ + mM)^^, 



M 



(3.5.2) 
(3.5.3) 

(3.5.4) 
(3.5.5) 



Eight component real spinors {SljSr) have been obtained from 16-component Majorana- 
Weyl spinors in the left and the right sector after solving the light-cone gauge conditions. 

The equations of motion and boundary conditions for bosons x\x°' in our case are as 
follows: 



d+d^Xi-^ + m^Xjj — mt^^^^{d-X^^ — d+x^^) = 0, d+d^Xa = 0, 



dcrX" 



a=0 



d-rX" 



0, x' 



cr=0,7r 



constant. 



(3.5.6) 



(3.5.7) 



The solutions to the bosonic equations of motion, with the boundary conditions specified 
above, is given by (defining = :^(a;^ + ix^) and = -^(a;'^ + ix^)) 



X"(a, t) 



i ^ -a"e ^''^cosrcr, (a = 5,.., 



XUa,T) 



-2ima 



Xo + (xie2*'"'^-Xo)- + ^E-< 
TT ^ n 



'e *"'^sinra(T 



(3.5.8) 



(3.5.9) 



To consider the equations of motion of fermions, we note that the matrix M evidently 
breaks the S'0(8) symmetry further, and thereby splits the fermions in the 8 — 4 + 4 way: 
Sl {Sl, Sl), Sr {Sr, Sr): 

1234 / ^L,R \ I —Sl,R \ 
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Sl,r J \ Sl,r 
14 



(3.5.10) 



In this connection, one also introduces 4x4 matrices A and S: 

with A^ = = — 1. A and S in the above equation are 4x4 antisymmetric matrices with 
eigenvalues ±i. Using these notations, one has: 

The equations of motion written in terms of (5*^, 5*^) and {Sr, Sr) are then of the form: 

d+ie^'^^Sn) = 0, d.ie-^^'^SL) = 0, (3.5.13) 
O+Sr = 0, O^Sl = 0. (3.5.14) 

Now we will write down the boundary conditions for the fermions in the mixed sector. As 
the equations of motion and the boundary condition for the components Sl,r are identical 
to the ones in fiat space, we only concentrate on finding explicit solution for Sl^r below. 
Following |im I28| I34j. one can write down the boundary conditions for the fermions as: 

Sl\^=o = ~SR\a=o^ (3.5.15) 
SlI=^ = SrU^, (3.5.16) 

SlI=o,^ = SR\a=o,n- (3.5.17) 

The solution for Sl^r equations of motion ()3.5.13|) . with the above boundary condition, can 
be read from and has the following form: 

Sl = -e-2™-A ^ ^^^-ir(r+a)^ (3.5.18) 
re(2+f) 

^^ = e-2™-^ ^ SrC-'^^^^-^K (3.5.19) 

The canonical quantization conditions as well as the worldsheet hamiltonian for the 
Dl — D5 system discussed above can also be written in a straightforward manner following 
the procedure in |31j. We skip these details. 
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3.5.2 R-R PP-wave 

Now, we present the worldsheet analysis of the — D5)-system discussed earher in section- 
(2.2). This can be done by reahzing that the PP-wave background for these solutions is given 
by a T-dual configuration of the ones presented in (TUlllHl- More explicitly, in the worldsheet 
action in the present case: 

L = Lb + Lf, (3.5.20) 

where 

Lb = d+ud-V — rn^xl + d+Xid-Xi + d+Xad-Xa, (3.5.21) 



Lp = iSrO+Sr + iSid+SL - 2imSLMSR, (3.5.22) 

with 

m = a'p^fi = 2a'p^/i, (3.5.23) 

M = -^(7^^ + 7V, (3.5.24) 

the terms involving fermions are easily seen to be related to the ones in ^01 |2H1 through 
T-dualities along x^ and x^. This in fact leads to the relation: 

S'r = i''Sr, (3.5.25) 

and reproduces the original action in jTHI. The mode expansion for fermions as well as 
canonical quantization conditions can therefore be also written down in a straightforward 
manner. We end this section by pointing out that, since the Z)-brane solutions found in 
this paper are preserving less than 1/2 supersymmetry, some of the restrictions on the brane 
directions, imposed using zero mode considerations [2ZI do not directly apply above. 
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3.6 Branes in 'Little String Theory' Background 
3.6.1 Supergravity Backgrounds 

In this section, we discuss the branes in the Penrose hmit of 'httle string theory'(LST). PP- 
waves of non-local theories have been discussed recently in the literature |63t IM} 1^5] . Among 
them, 'little string theory' arises on the world volume of NS b-hrane when a decoupling limit, 
(7s — > with fixed a', is taken [nElinZl- To construct our solution, we start with the NS5-brane 
solution given by the metric and dilaton: 

ds^ = -dP + dyl + H{r){dr^ + r^dQl), 

e^" = glH{T), (3.6.1) 

with H{r) = 1 + i^. The near horizon limit of the above solution is the linear dilaton 

geometry, which in the string frame is given by, 

~ dv"^ 
ds^ = iV/2( - dp + cos^ edij'^ + de"^ + sin^ ed(f)'^ + -^) + dyl (3.6.2) 

with t = y/Nlsi. PP-wave background of LST is then found by applying Penrose limit to 
(I3.6.2j) . We however consider the case after applying S-duality on eqn. ()3.6.2j) . Applying 
S-duality transformation and then taking Penrose limit (as described inj^n]), the background 
solution is given by: 

ds'^ = —Adx~^dx~ — (i^z^dx^"^ + {dz)^ + dx^ + dy^ 
e^-^ = Const, 

= C/i, (3.6.3) 

where -F4.12 is the 3-form field strength in the i-plane. Now we proceed to analyze the 
existence and stability of branes in this background. The supergravity solution for a system 
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of D5-branes in this background is given by: 

2 2 

ds^ = f-^[- Mx^dx- - i?z'{dx^f + Y^^dzif + Y^^dypf) 

+ f'^Y^idxaf. 

a=l 



2$ 



e 



Pmnp ^mnprdrfi f 1 ~l~ ^2 " (3.6.4) 

One notices that the background has only one constant 3-form field strength (F+12). We 
have once again verified that the solution presented above satisfies type IIB field equations. 

One can then write down (by applying S-duality on ()3.6.4|) ) the NS5-brane in a PP-wave 
background of the 'little string theory' 63^ as: 

22 4 



ds"^ = -Adx^dx - /iV(rfx+)^ + ^(rfZi)^ + ^(rf^/p)^ + /^(rfXa^ 

1=1 p=l a=l 



2 



Hranp ^mnprdrf^ (3.6.5) 

with if's being the NS- sector 3-form field strengths. 
3.6.2 Super symmetry Analysis 

We will now consider the dilatino and gravitino variation of the solution presented in eqn. 
fl3.6.4|) to study the supersymmetry properties. The dilatino variation gives equations: 

^'^± + = 0, (3.6.6) 

= 0. (3.6.7) 
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The gravitino variation leads to the equations: 



S^i = d+e± + ^r+'e± + — /xV-^^r+^ei - ^T+^'V-e^ = 0, (3.6.8) 
+ + ± 2 ^ 16^ /§ 4 ^ ' ^ ^ 



= 9_e± = 0, (3.6.9) 



^ Q^,^ _ ^r^^^.re:, = 0. (3.6.10) 
= d,e± - ^r+^%ppr^e^ = 0. (3.6.11) 

<5vp^ ^ a.6± + - ^/^T^''\,T% = 0, (3.6.12) 

In writing these set of equations we have used the condition ()3.6.6|) . Imposing the condition 
r+e = 0, we further reduce them to: 

a+e± - ^r+i^r-e^ = 0, (3.6.13) 

d-e± = 0, die± = 0, dpe± = 0, dae± = -\^e±. (3.6.14) 

^ / 

Since eqns. fl3.6.13|l and ()3.6.14p are integrable ones, hence in this case we get 1/4 super- 
symmetry. It will also be nice to give a worldsheet construction for such D-branes. 

3.7 D-Branes in PP-wave Spacetime with Nonconstant 
NS-NS Flux 

3.7.1 Supergravity Solutions 

In this section we present classical solutions of Dp as well as Dp — Dp' -branes with noncon- 
stant NS — NS three form flux transverse to brane worldvolume. We start by writing down 
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the supergravity solutions of D-string in pp-wave background with nonconstant NS-NS three 
form flux. The metric, dilaton and the field strengths are given by: 

ds'^ = f^^ {2dx+dx- + K{xi){dx+y) 
+ fjj^idxn', (^ = l,-,4), 

m=l 

H = dib2{xi) dx^ A dx^ A dx"^ + d3b4{xi) dx~^ A dx^ A dx"^ , 

e"^ = A, F+_„ = 9„/r\ (3.7.1) 

with h{xi) and K{xi) satisfying the equations Ab{xi) = and AK{xi) = —{dibjY respectively 
and /i = 1 + ^ is the harmonic function in the transverse space. We have checked that the 
above solution satisfies type IIB field equations. For constant three form flux this solution 
reduces to that of ref j^Hl- All other Dp-brane (p = 2,..., 5) solutions can be found out 
by applying T-duality along directions. For example: the classical solution for a 

system of D3-brane in such a background is given by: 

ds^ = fP (2dx+dx- + K{xi){dx+f + {dx'^f + {dx^f) 
+ fljZ{dxn\ C^ = l,...,4), 

m=l 

H = dib2{xi) dx~^ A dx^ A dx'^ + d3b4{xi) dx'^ A dx^ A dx^ , 

e'* = 1, F+_78„ = 9„/3-\ (3.7.2) 

with b{xi) and K{xi) satisfying the equations Ab{xi) = and AK{xi) = —{dibjY respectively 
and /s = 1 + ^ is the harmonic function satisfying the Green function equation in the 
transverse space. 
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Now we present classical solution of Dl — D5 system as an example oip — p' bound state 
in these background. The supergravity solution for a such system is given by: 

Jl\ 2 



ds" = {hU)-^^{2dx+dx- +K{xi){dx^f) + r-j)~'Y.idx 



m\2 

ax 

5 m=5 



1=1 



p2</. _ A 

H = dib2{xi) dx^ A dx^ A dx^ + dsb4{xi) dx^ A dx^ A dx'^, 

F+-i = difi ^, Fijk = ^ijkidif^, (3.7.3) 

with b{yj) and K{xi) satisfying the equations Afe(xj) = and AK{xi) = —{dibjY respectively 
and /i = 1 + ^ and /s = 1 + ^ are the harmonic functions of Dl and D5-branes in common 
transverse space. One can check that the above ansatz do satisfy type IIB field equations. 

3.7.2 Super symmetry Analysis 

In this section we present the supersymmetry of the solutions described earlier in section 
(2). Solving the above two equations for D-string solution as given in ()3.7.H1 . we get several 
conditions on the spinors. First, the dilatino variation given in eqn. ()3.3.4p gives: 

4^r"e± T f}{d.b.)T+'h± - 4^r+-\^ = 0, (3.7.4) 
Ji h 

Gravitino variation ()3.3.5|) gives the following conditions on the spinors: 

1. ...„-i.„i. 1 



Si^i = (a+ + -9,(ir/r^)r+«T-(9.6~.)(r^))e± 



Ir+^'^^r+e^ = (3.7.5) 
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5^^ = 9_e± = (3.7.6) 
Si^^ ^ l^d^-l^y^, (n = 5,...,8) (3.7.7) 

= {d^T^ffhdib-)T^'^-l^y^, {^ = l,...A). (3.7.8) 

In writing the above equations we have used the brane supersymmetry condition: 

r+-e± = e^. (3.7.9) 

Taking derivative of the eqn. ()3.7.8|) with respect to df, and subtracting the derivative of dj^ 
equation with respect to di, we get 

id,,d.b-^)T^h^ = 0, (3.7.10) 

which can be satisfied for nonconstant d^bj only if T^e± = 0. Using T~^e± = 0. and brane 
supersymmetry condition ()3.7.9j) . the dilatino variation ()3.7.4|1 is satisfied. Using r+e± = 0, 
the supersymmetry conditions ()3.7.7p and ()3.7.8p are solved by spinors: e± = exp(— |/n/i)ej., 
with e^. being a function of only. Since e^. is independent of x* and (dibj) is a function of 
X* only, the gravitino variation gives the following conditions to have nontrivial solutions: 

{d.b~^)ir^)el = (3.7.11) 

and 

d+el = 0. (3.7.12) 

The condition T~^e± = breaks sixteen supersymmetries. The number of remaining super- 
symmetries depend on the existence of constant e^. solutions of the equation ()3.7.11|) . For 
the particular case when = H^^^, the equation ()3. 7.111) gives the condition: 

(1 - r^234^^o ^ Q_ (3.7.13) 

Therefore in this case, the D-string solution ()3.7.H1 . preserves 1/8 supersymmetry. Similarly, 
one can show that the D3-brane solution ()3.7.2j) also preserves 1/8 supersymmetry. 
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Next, we will analyze the supersymmetry properties of {D1—D5) system that is described 
in eqn. ()H.7.Hj) of the previous section. 

The dilatino variation gives the following conditions on the spinors: 



fi 



(3.7.14) 



On the other hand, the gravitino variation gives: 



9+6± + l5,(ir(A/5)-^)r+" T \id-b^)T^e^ 



/l 

6^p^ = d-e± = 0, 6^p^ = (9„e± = 0, 



mi 5...,m3,n 



/i /s 



e± = 0. 



r+e^ = (3.7.15) 
(3.7.16) 
(3.7.17) 



In writing down the above gravitino variations we have once again made use of the brane 
conditions: 



re± - r+-*e^ = 



(3.7.18) 



and 



1 

31 ''ijkl'^ 



(3.7.19) 

Taking derivative of the eqn. ()3.7.17|) with respect to (9^ and subtracting the derivative 
of d^. equation with respect to we get 



(3.7.20) 



which can be satisfied for nonconstant d^bj only if T^€± = 0. 

Using r+e^ = and brane supersymmetry conditions ()3.7.18|1 and ()3.7.19|l , the dilatino 
condition ()3.7.14j) is satisfied. Using r+e± = 0, the supersymmetry condition ()3.7.17|) is 
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solved by spinors: e± = exp(— |/n(/i/5))e° , with being a function of x"*" only. Since e° 
is independent of a;* and {dibj) is a function of only, the gravitino variation gives the 
following conditions to have nontrivial solutions: 

(5.6.)(r^)6l = (3.7.21) 

and 

d+el = 0. (3.7.22) 

Once again, the number of supersymmetries depend on the existence of solutions of 
equation 1)3.7.211) . For the particular case when il+i2 = the Dl — D5 bound state 

solution ()3.7.3p also preserves 1/8 supersymmetry. 

3.8 Summary 

In this chapter, we have presented several supersymmetric Dp and Dp — Dp'-brane configu- 
rations in pp-wave background with constant and nonconstant three form flux, and analyzed 
their supersymmetry properties. We have presented {Dl — D5)-brane construction from the 
point of view of massive Green-Schwarz formalism in the light cone gauge in NS-NS and R-R 
pp-wave of AdS^ x x with constant three form flux. It will be interesting to study the 
gauge theory duals of the branes presented in this paper by using operators such as 'defects'. 
One could possibly also look at the black hole physics using the [Dl — D5) system presented 
here in an attempt to understand their properties. All the solutions presented here with 
the constant NS-NS and RR flux are shown to preserve 1/8 supersymmetry, whereas the 
D-branes in the background of little string theory preserve 1/4 supersymmetry. The su- 
pernumerary supersymmetry is absent for the background with nonconstant flux. D-brane 
solutions with nonconstant RR flux can be found out by applying S'-duality transformation 
on the solutions presented here, which will be generalization of those given in The 
D-brane solutions with nonconstant flux have the interpretation of D-branes in nonsuper- 



24 



symmetric sigma model of [41.,. It is also desirable to analyze them from the worldvolume 
point of view following the procedure of 
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Chapter 4 

NONCOMMUTATIVE = 2 
STRINGS 

4.1 Geometry of = 2 Strings: A brief review 

It is well known fact that properties of string theory are directly attributable to the properties 
of underlying 2d conformal field theory. More structure on the worldsheet therefore gives 
rise to more interesting string theory. For example: Bosonic strings have no worldsheet 
supersymmetry (A^ = 0). Introduction of one local supersymmetry on the worldsheet {N = 
1), gives rise to the far more interesting superstring theory that lives in (9,1) spacetime 
dimensions. Then it is natural to extend the idea of introducing more local supersymmetry 
on the worldsheet and look for string theories in diverse dimensions. It turns out that N = 2 
superconformal supersymmetry on the worldsheet gives rise to an interesting string theory, 
known as = 2 strings yjij2j. These are the kind of string theories which provide a consistent 
quantum theory of self-dual gravity in four dimensions. It was realized by Ooguri and Vafa 
13 El that N = 2 string lives in 2-complex spacetime dimensions and have only one physical 
particle, a massless scalar in its spectrum. Then the next question to ask is what is the 
signature of the space-time ? Unfortunately the signature can't be (3, 1) because it breaks 
N = 2 worldsheet supersymmetry, which requires the underlying manifold to be a complex 
Kahler manifold. The correct structure is (2,2) which is consistent with keeping the complex 
structure. This theory lives intrinsically in a Kahler two-complex dimensional space-time. 
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with Lorentz group f/(l, 1) = SL{2, R) ^U{1). They also have the interesting property 
that all ra-point amplitudes {n > 4) vanish, thereby showing the topological or integrable 
nature of the theory. But the 3-point function does not vanish and therefore the theory has 
a nontrivial S matrix. The massless scalar of the theory was argued as the Kahler potential 
of space-time. It satisfies a quadratic equation of motion, the Plebanski equation which 
is the condition that the spacetime has a self-dual Riemann tensor. Thus the closed N = 2 
string can be thought of as a theory of self-dual gravity on (2,2) dimensional spacetime. 

For fiat space-time with (2,2) signature metric, ds"^ = dx^dx^ — dx'^dxP', the action for 
the N = 2 nonlinear sigma model on the worldsheet is 5*0 = / d'^zd'^6d'^6KQ{X, X), where 
X'\i = 1,2) is an = 2 chiral superfield, 

x'{z, Z; e, 6) = x\z, z) + ^jj(z, z)e + ^i(z, z)e + f\z, z)ee (4.1.1) 

and Kq is a Kahler potential for the flat space-time, Kq = X^X^ — X'^X'^. Now to find 
out the meaning of the massless modes, one deforms the action while preserving the N = 2 
supersymmetry on the worldsheet. That can only be done by changing the Kahler potential 
Kq K = Kq + 0. This deformation of the Kahler potential corresponds to the massless 
scalar. The spectrum of the closed string consists of a single massless scalar. Metric degrees 
of freedom is also present here and encoded in terms of massless scalar field, by the formula 
gfj = didjK. 

4.1.1 Vertex Operators and Interactions 

The superspace- vertex operator for emitting a closed-string scalar of momentum k is^ 

= V™-^), (4.1.2) 

where X is an = 2 chiral superfield. Thus, the vertex a.t 6 = 9 = is simply the 
momentum insertion 

VX=5=o = -e^('=-^+^-), (4.1.3) 
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^Here the 'dots' indicate contractions over the two complex coordinates. 
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while the vertex integrated over the fermionic coordinates is 

V;^"* = -{ik. dx - ik. dx - k. i>Rk. i)R){ik. Bx - ik. Bx - k. tpL k. ^^)e^^k.x+-k.x) ^^^^^ ^^^ 

TT 

To obtain the three-point function, one needs to fix three bosonic coordinates and two 
6''s (and ^'s). Thus one calculates the correlation function of one V"^*"* and two Vj^'s, at fixed 
positions. The result is: 

= (K|,=o(o)v;''^*(i)v;(oo)|e=o) 

= «c22, (4.1.5) 

where 

ci2 = ih.h - ki-h) (4.1.6) 

is the invariant product of momenta in 2-complex dimensions. Note that is antisymmetric 
with respect to its two indices, and is additive in the sense that + Ci^k = Qj+fc- Using 
momentum conservation, one sees that Accc is completely antisymmetric. The three point 
amplitude of the 2-complex dimensional closed string therefore implies a truly nontrivial 
S-matrix element, and not just some unphysical vertex. 

The four-point function can be calculated similarly, and the result is given by: 

^cccc = f\v,\e=oiO)Vr\x)V:-\l)V,\e=oioo)) 
Jo 

, Til-s/2)Til-t/2)Til-u/2) 
TT T{s/2)T{t/2)T{u/2) ' ^ ' ' 

Ooguri and Vafa noted however that, in the scattering of massless particle in (2, 2) dimen- 
sions, there is an identity: 

F = l- ^- ^ = 0. (4.1.8) 

su tu 

Therefore the four point function ()4.1.7|) vanishes onshell. Ooguri and Vafa proposed that 
the vanishing of amplitude comes from some kind of topological nature of the theory. They 
have conjectured that all higher order amplitudes should also vanish. 



One sees that the local three-point function and vanishing of the four point function can 
be deduced from the following action: 

= / d^x{-d'^di(t) + —(t)dd(t) A dd(t)), (4.1.9) 

The equation of motion derived from this action is the Plebanski equation, the equation for 
self-dual gravity written in terms of Kahler potential in (2,2) space. So the N = 2 closed 
string describes self-dual gravity. The next question to ask of course is that whether the open 
string and heterotic strings describe self dual Yang-Mills (SDYM) ? Soon it was realized for 
open N = 2 strings by N. Marcus jHj. As in the closed string case, the spectrum of the open 
string also consists of a massless scalar. However, as usual we would like to append the chan 
paton factor to the string amplitudes. The superspace vertex operator to emit these scalars 
is equal to that of the closed string case and is given by: 

= ge'^''-^+~^-^\ (4.1.10) 

Again after integrating out the fermionic coordinates one obtains the integrated vertex op- 
erator as: 

= j d^eVo = ^{ik. d^x - ik. d^x - 4k. k. ^)e*('=-^+^-^). (4.1.11) 

The three-point open-string amplitude is found by calculating the correlation function of one 
V^*"* and two Vo at fixed positions. The amplitude is given by: 

Aooo = (K|^?=o(0)l^r(l)K(oo)|e=o) = gc^2r'"'. (4.1.12) 

The amplitude is totally antisymmetric with respect to the three scalars without the insertion 
of the group theory factor /"*'^, so one needs to insert the group theory factor in order 
to prevent the vanishing of the amplitude. At this stage, /"'"^ is an unspecified totally 
antisymmetric tensor. Similarly, the four point amplitude depends upon the cyclic ordering 
of the vertices on the boundary, which we choose to place at 0, x, 1 and oo, with x integrated 
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between and 1. Two of the vertices are of VJ"* and two are V^. The four point amphtude 
is given by: 

Aoooo = /Vo|e=o(0)l^r(a;)K'"*(l)K|e=o(oo)) 
Jo 

= g!f r(i - 2.)r(i - 2i) 

4 r(2n) ' ^ ' 

and as in the case of the closed string this amphtude also vanishes due to the F factor. 
Because of the vanishing of this amplitude, the usual unitarity constraint on the gauge group 
factors does not apply here. However, one can still find a constraint on them by demanding 
the consistency between the string theory four-point function and the same calculated form 
the effective field theory. The three point amplitude of eqn can be obtained from the 

Lagrangian: 

= / ci^x(iaV"^<^" - ^|rV'9V''^<^ j (4.1.14) 

The field theory four-point function can be calculated by sewing or by gluing together two 
three point amplitudes and by adding some local or contact four point vertex V^o- This gives: 

AooooFT = -g^[Ar^^r'' + + Ar^r"""] - i^o, (4.1.15) 

where 

A=^l^ 3="-^ C = ^^. (4.1.16) 

s t u ^ ' 

The kinematic relation F = and its permutation imply that 

B = u-A and C = t + A. (4.1.17) 
Now the four point amplitude looks like 

/I „2 J /I / fahx rxcd racx exbd rbcx rxda 

^ooooFT — —9 \^[J J — J J — J J 
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+ uf'^T'^'' + 1^"''^'"^] -V^o. (4.1.18) 



Since V40 must be a local vertex, the factor multiplying A must vanish. This factor is the 
Jacobi identity. Thus the /'^'"='s are the structure constants of the semi simple group times 
a product of an arbitrary number of U{1) factors. Thus the resulting quartic interaction 
determined by eqn. 14.1.181 is now: 

£40 = y - ^r'^V'''"'9V"/'9^<^V)- (4.1.19) 

The computation of the three and four point function for the mixed sector has been 
carried out in[6\ We, however, present the results here. The amplitude of two open and one 
closed stings is given by: 

POO 

A,oc = / db{Vo\e=o{b)V:^\z = x + ty)Vo\e=o{r^^)) 



K 



00 



= Kb^'^cl^ (4.1.20) 

This vertex is same as the self interaction of the gravitational vertex A^cc^ showing the 
universality in the couplings of various fields to gravity. Now one proceeds to find out the 
four point amplitude with one closed and three open strings. The simplest gauge fixing 
here would be to fix the three open string vertices to be 0, 1 and 00, and to fix the ^'s of 
two vertices at and 00. One needs then to integrate the closed vertex over the UHP. As 
the integrand is symmetric under the exchange of z and z, the integral in the UHP can be 
transformed by the integral over the full complex plane and the result is given by: 

Aoooc = f f dzdz{Vo\e=o{0)V^''\l)Vo\9=o{oo)V^''\z,^)) 

J JUHP 

= -^gr'^F ^^^^l^J}^^'^^!'^ , (cut + C23g), (4.1.21) 

2 r(-s)r(-t)r(-M)^ ^ ^' ^ ^ 
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which again vanishes because of the F factor. Since the open string carries a group index, the 
amphtude with one open string and arbitrary closed ones should vanish. The amplitude of 
two open and two closed strings should also vanish again because of the presence of F factor. 
In the field theory action which reproduces the above three and four point amplitudes, there 
are mixed quartic terms in the action: 



This finishes a brief review of string theory with N = 2 superconformal symmetry on the 
worldsheet. In the next section, we will analyze the N = 2 string theory in the presence of 
constant antisymmetric tensor background. 



4.2 N = 2 Strings in Constant NS-NS Background 



In this section, we study N = 2 strings in constant NS-NS antisymmetric tensor (B) 
background [H], in view of interesting developments in noncommutative string theorvfTUl 1111 
^lE]. In this regard, we have also been motivated by the fact that noncommutative N = 2 
strings are expected to have interesting implications in possible generalizations of M(atrix) 
and F theories ^1] to include noncommutativity. It is known that antisymmetric tensor back- 
grounds can be incorporated in = 2 superspace formalism using chiral and twisted-chiral 
superfields|15j. In this manner, one has an = 2 worldsheet supersymmetry without having 
a Kahler metric One now obtains a noncommutative complex manifold as the target 
space geometry. 

There are two main highlights of the N = 2 noncommutative field theory obtained here. 
The first is a nontrivial constraint, satisfied by the noncommutative theory, originating from 
the requirement of the absence of poles in the 4-point amplitude in the open sector of the 
N = 2 strings for nonzero B. The second is in the mixed sector. Here the noncommutative 
field theory involves a generalized *-product^Hl Ej, B explicitly appears with the open 
string metric in two (left/right) linear combinations for contracting the target space indices 




(4.1.22) 
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of the open-string fields. We finally analyze a 4-point mixed sector amplitude in the extreme 
noncommutative limit. Nontriviality in the computation of the tree- level string amplitudes 
in the mixed sector, stems from the fact that due to the absence of 2; — > z-symmetry in the 
presence of B, one can not use the generalized Koba-Nielson integrals of OIHICB] which are 
relevant when the domain of integration is the full complex plane. 

One can consider N = 2 string action (in presence of B), written in an iV = 1 superspace 
notation in [T3] : 



S = Jd^xJ deLdeJgjjD^X'D^X'' + BjjD"X'{j'D)^X^ 



(4.2.1) 



where the superspace field X^ (/ = 1,2,1,2) represents X,Y, X ,Y , and a = L,R. The 
closed string metric and the antisymmetric background fields are denoted by gjj and Bjj 
respectively. We would like to point out that the action specified above is not N = 2 su- 
persymmetric without adding boundary terms. The equations motion for the bosons and 
fermions can be derived from the above action. However, for deriving the boundary condi- 
tions for fermions, one needs to add 5-dependent boundary terms in the above action to 
restore supersjTiimetry. The field equations, boundary conditions and canonical commuta- 
tion relations, including those for fermions derived in = 2 case turn out to be similar to 
the ones written in P^ lllj. Since the vacuum energy of the bosonic and fermionic oscillators 
remains same as for B = 0[TT|, the spectrum of the theory once again consists of a scalar (yj) 
in the open and (0) closed string sector. The closed- jH] and open-string [Oj vertex operators 
are given by: 

T/ I _ i{k-x+k-x) 

yc\e=e=G — ^ i 

V™^ = (^ik ■ dx — ikdx — k ■ ipRk ■ ipR^ (^ik ■ dx — ik ■ Bx — k ■ ijji,k ■ x 
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,i{k-x+k-x) 

1 



K"* = l^lk-drX-lk-drX-k-{ijL + ^R)k-{i^L+i^R)y'^'-^^~^-''\ (4.2.2) 

where V^'^ are the closed- and open-string vertex operators that have been integrated w.r.t. 
their fermionic supercoordinates. Following [2 , 6l is set equal to 6r for Vj"*. Also, the 
bosonic component x*, denote {x, y) and {x, y) which originate from (anti-)chiral and 
(anti-)twisted chiral fields of = 2. 

The two-point function for both bosons and fermions appearing in ()4.2.2|1 can be written 
together using the superspace 2-point function in = 1 notation of 20j (with a' = ^): 

(x*(Zi, z,)x^Z2, z^)) = -g'hn[{z, - - e[e^){z, - ^2 - W)] 

+ {g'^ - 2G'^)ln[{z, - ^2 - e[e^){zi - z^ - 6^6^)] 

■zi-z2-e[el 



-2Q'Hn 



-Z1-Z2- 9?e^ 



(4.2.3) 

The indices i,j run over 1,2 and 1,2 respectively. The open string metric G^^ and the 
noncommutativity parameter B*-' can be expressed in terms of g^^ and B^^ as in ^l] . For our 
case, g'^^ denotes the flat closed string metric and B^^ , constant antisymmetric background of 
'magnetic' type. Now, using the above results, we calculate various string amplitudes in the 
open and mixed sectors. In the closed sector the results of [31^] are still valid as closed strings 
have no boundary, and hence are insensitive to the addition of boundary terms to the world- 
sheet action. In the open- and mixed-string sectors, the super-Mobius transformations allow 
two complex fermionic supercoordinates to be set to zero, and three real bosonic coordinates 
to be fixed to any arbitrary value. 

4.2.1 Open Sector: 

The 3-point function using obvious notations is given by: 

Aooo{B ^ 0) = (K|e=o(0)K'^*(l)K(oo)|e=o) 
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= e^^~^'®'''~~^'^'''^Aooo{B = 0), (4.2.4) 

where Aooo{B = 0) = Ci2 = kiG^^k2 — k2G^^ki. Now, as in [0], one has to impose Bose 
symmetry on Aooo in ()4.2.4j) . Unhke [E], for the noncommutative case, one can have an 
"isoscalar" as well as an "isovector" component of the amplitude: 

Aooo = ^ooo + ^ooo ^^'^1 (4.2.5) 

where A^^^ is the isoscalar part of the amplitude that is symmetric under the interchange of 
the momentum labels of particles 1 and 2, and A^^^ ''^^'^ is the isovector part of the amplitude 
that is antisymmetric under the interchange of the momentum and group labels separately, 
but is symmetric under the simultaneous interchange of both types of labels. Denoting 
Ki2 = ^(kiQk2 — k2Qki) one sees that 

= ci2 sin(iri2), At!o = c^2 cos{Kr2)r''. (4.2.6) 
Similarly, the 4-point function is given by: 

Aoooo{B ^ 0) = /Vo|e=o(0)K;'^*(x)V;'°*(l)K|e=o(oo)) 

= e'(^^^+^^^+^"Moooo(5 = 0), (4.2.7) 

where Aoooo{B = 0) = ^ as in 0. The 0-dependent phase factor in ()4.2.7|) 

matches with the phase factor in equation (2.11) of ^l]. The null kinematic factor F is that 
of [Sj with the difference that the open-string metric is used for contracting momenta in s, t, 
u as well as cafe's. 

Moreover, since in the purely open string sector, the dependence of the amplitude 
enters via a phase factor, one sees that the above result for the noncommutative 3- and 4- 
point functions readily generalizes to the noncommutative n-point function, implying that, 
like the claim for the commutative N = 2 theory, all ra-point functions with n > 4 also vanish. 
Hence, the noncommutative N = 2 theory is "topological" in the closed- and open-string 
sectors. 
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We now analyze in some detail the implications of the above modifications to the field 
theory of open string scalars. Using ()4.2.5j) and ()4.2.(jj) . one can evaluate the field theory (FT) 
amplitude Aoooo ft which consists of contributions from two 3-point functions {Aooo ft's) 
as well as a contact vertex Voooo ft (whose form is determined from the requirement that 
Aoooo FT like Aoooo of string theory, vanishes). One can verify that for Aooo ft corresponding 
to Afoo in ()4.2.fij) . there are no poles in Aoooo ft- This can be seen by adding contributions 
to the 4-point amplitudes from s, t and w-channels as: 

AooooFT = A sin(iri2) sin(K34) + B sin(ir23) sin(K4i) 

+ Csin(K3i)sin(ir24), (4.2.8) 



where 



A = ^, B = ^^ = u-A, C=^-^ = t + A. (4.2.9) 
s t u 



Then by eliminating using momentum conservation, it is noticed that pole part of the 
amplitude above cancels for A^^^ in equation ()4.2.8|) . In other words, sin{Kab) in A^^^^pj, acts 
as a structure constant. To generalize this result further, one can consider a more general 
3-point function 

v4f,f'^ = Cl2sin(irl2)^/'^'^ (4.2.10) 

with d"''"^ being symmetric structure constants. Vanishing of poles in A'^^^^ pj- then implies 
a strong condition on (i"''^'s leading to multiple copies of abelian noncommutative FT's 
mentioned in ()4.2.14|) below. 

For A^QQ, on the other hand, we get a constraint on /'^^'^: 

cos(iri2) MKzi) sm{K32)r'T'' - cos(ir23) sin(ir2i) sin(i^3i)/''^V"'" 

+ cos(ir3i) sin(if2i) sin(ir23)r""r'' = 0. (4.2.11) 

One sees that the above constraint can not be satisfied by any classical group. Perhaps it 
may be satisfied for some quantum group. One now observes that U (N) gauge groups can be 
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obtained from 3-point string vertex, eqn. ()4.2.4|) . by considering mixed (isoscalar-isovector) 
vertices. In particular, for U{2), after imposing Bose symmetry on two of the external legs 
in eqn. ()4.2.4j) . the corresponding isoscalar-isovector field theory vertex is given as: 

At.,, = CusmiKu)S'\ (4.2.12) 

Then it can once again be shown that the poles in the isovector 4-point amplitude, obtained 
by sewing together two 3-point vertices with isoscalar and isovector internal states, cancel. 
Higher rank groups can also be incorporated by including 3-point vertex in eqn. ()4.2.1()|l (See 
for example [21J). 

We now write down the FT corresponding to A^^^ pj, mentioned before, as well as the 
contact vertex appearing in equation ()4.2.8j) . after using equation ()4.2.9j) whose explicit form 
is 

y^oo = usm{K2s) sin(ir4i) +tsm{Ks^) sm{K24). (4.2.13) 

One then obtains the field theory action corresponding to A^^^ and V^*^*^ up to terms quartic 
in ip: 



Cft = G'^ 



1 - i - 1 - 

-diip * djip + -[diip, djip]^ *ip- Y^dup * [[dj(p, v?]*, v?]. 



(4.2.14) 

where J]]* = ^ * ^7 — * ^. The * product is defined (in momentum space) as: 

with k ■ X = k ■ X + k ■ X. A generalization of the above noncommutative abelian field theory 
action to U{N) case is straightforward. The Moyal deformation of self dual Yang Mills (and 
gravity) were also considered in [22] • We now study the mixed sector of the noncommutative 
N=2 theory. 
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4.2.2 Mixed sector 

(a) Aooc'- We now show, in = 2 context, that a mixed amphtude with two open and one 
closed string vertices generates a field theory with a generalized *-productITni[II] (the 9 = 
limit of which reduces to the result of [HI). 

Following ^6j, for the purpose of setting the limits of integration, it is convenient to fix 
the bosonic coordinate of one of the two Vo's (to 0) and that of Vc to z = x + iy. Then 

/oo 
db{Vo\e=o{b)V^''\z = x + ty)Vo\e=o{r - oo)) 
-oo 



J —oo \ 



inr^, I, CM. \ "in ( ktBkr-krSh 

^^{k,ek^-k^ek,) . , r.T ,2\ AHO-^r-kre-H) ^^^\ 2 



= f (4.2,16) 

where c^ff^ = -^{kaG^^kh — hG^^ka =F kaOkb ± k^Qk^^ the upper and lower signs corre- 
sponding to L and R respectively. The h integral above was done using Mathematica and 
is also given in appendix A of j2Sj. Before commenting on the topological nature of this 
amplitude, we now write down the corresponding interaction term in the FT action which 
is given in terms of a generalized *-product [TEt ITT] : 

Cooc = mdj'^ *' d-A^¥> - *' djd-^¥^){G-' - QfiG-' + Qy\ (4.2.17) 
where we have made use of 



gifcl-x ^/ ^ik2-x _ Si^(-^12) ^i{ki+k2)-x 2 13) 

in arriving at ()4.2.17|) from ()4.2.16|) . 
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Now, to interpret Aooc as a topological theory in the sense of j^, one now sees that 
by expanding ^^^j^^"^^ in a power series in G, an infinite number of (0 or equivalently in- 
dependent) terms are generated at the 3-point level in the mixed sector. As the radius 
of convergence of the expansion is infinite, this implies that after expansion, Aooc can 
be interpreted as an infinite series of local interactions between the closed and open string 
scalars. 

(b) Aoooc- Like 6J, we set the bosonic coordinates of the three \4's at 0,1, oo and the 
fermionic coordinates of the first and third V^'s to zero. We will hence require to integrate 
over the bosonic coordinates of V"g™*(z, z). Defining t^'^ = ^ {^\G~^k^ + k^G'^ki =F kiQk^ =p 

k4Qki], u^'^ = ^( fciG^^fcg + ksG'^ki =f kiQk^ =f k^Qki], one gets: 



Ao 



dzdz{Vo\e=o{0)V:''\l)Vo\e=o{oo)V:^\z,z)) 



UHP 

dzdzz*^ z^^ il 



UHP 

z ^ il 



L 
24 



z il-z) 



-24 



-2Ci2 + 



-24 



+ 



-24 



+ 



'-14 _|_ 

Z 

•-14 , 



•-24 



(1-z) 

•-24 



'l-z) 



{l--zf 



(4.2.19) 



which gives the Aoooc amplitude of for = 0. However, because of the lack oi z ^ z 
symmetry in the presence of B, unlike [Hj, one can not enlarge the domain of integration 
from the upper half complex plane to the entire complex plane. The evaluation of the above 
integral and the vanishing of 4-point amplitude in i? ^ 00 limit has been discussed in0. 



4.3 Summary 

In this chapter, we have discussed various tree level amplitudes of string theory with N = 2 
superconformal symmetry on the worldsheet with and without the presence of constant 
antisymmetric tensor field. 
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In section (4.1), we have discussed N = 2 open and closed string theories in (2,2) 
dimensional spacetime. These theories contain a single massless scalar in their spectrum. The 
closed string has the interpretation of self-dual gravity. The open string, on the otherhand, 
has the interpretation of the self-dual Yang-Mills in the Kahler background of the closed 
sector. But the resulting spacetime is no longer self-dual. Because of the topological nature 
of the theory, in the sense of vanishing n-point function {n > 4), the usual constraint on 
string theories coming from unitarity and factorization are weakened. In particular, the open 
string can be defined for any gauge group. 

In section (4.2), we have discussed N — 2 strings in the presence of antisymmetric tensor 
background which is magnetic type. Because of the presence of an antisymmetric tensor 
field, the coordinates become noncommutative and one gets a noncommutative field theory. 
The expected topological nature of the open string is shown to impose nontrivial constraints 
on the corresponding noncommutative field theory. The n-point functions of the theory are 
local, or vanish identically in the open sector, even for the finite noncommutativity. In the 
mixed sector, we have calculated a 3-point amplitude and have shown that the corresponding 
field theory is written in terms of a generalized *-product. We have also analyzed a 4-point 
function Aoooc in — > oo limit. 
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Chapter 5 

OVERVIEW and CONCLUSION 



In this thesis, we have studied various nonperturbative and noncommutative aspects of string 
theory. Construction of the nonthreshold bound of various branes, their supersymmetric 
properties and the open string construction in various string backgrounds have been the 
topics of discussion of the present thesis. Wc have also studied a particular example of the 
mixed boundary condition on D-branes in the context of = 2 strings, and analyzed various 
tree level scattering amplitudes. 

In chapter (2), we have explicitly constructed nontrivial bound states of D-branes starting 
with charged macroscopic strings. These string solutions are generated from the neutral ones 
by a solution generating technique. The charged macroscopic string solutions have been 
useful in the past for establishing several duality symmetries of string theory. The Z>-brane 
bound states presented in this thesis have been generated from the charged macroscopic 
string solutions by the application of SL(2,Z) transformation and T-duality symmetry of 
string theory. These bound state solutions carry a general set of string charges as well as 
non-zero momenta. They are also shown to be 1/2 supersymmetric objects. It would be nice 
to understand the conformal field theory description of these I?-brane bound states. 

In chapter (3), we have presented the supergravity solutions of various D-branes and 
their bound states in an exact string background, known as pp-wave background supported 
by NS — NS and R — R flux. These backgrounds, in general, can be obtained from AdSp x S'^ 
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type of geometry and in some cases provide exact string theory backgrounds. The novelty 
of pp-wavc background is that string theory simphfies a lot due to the presence of light cone 
gauge. Our study mainly concentrated on the pp-wave background arising out of AdS^ x 
type of geometry. We have analyzed the supersymmetry of the branes by solving type IIB 
Killing spinor equations explicitly. We have also presented the open string construction of 
the intersecting branes in pp-wave background. Our search for supergravity brane solutions 
in other pp-waves also includes the ones in little string theories. The gauge theory duals of 
these branes can be found out by defining the appropriate 'conformal operators' in the field 
theory corresponding to the supergravity modes by using the pp-wave/CFT correspondence. 

In chapter (4) (following the pioneering work of Seiberg and Witten), we have studied 
an example of open strings ending on D-branes with mixed boundary condition. We have 
been able to reproduce the 'topological' nature of the corresponding field theory in this 
specific example and have also shown the appearance of a 'generalized star product' in the 
noncommutative field theory. 

At the moment, string theory seems like the most promising quantum theory of gravity. 
Not only does string theory combines gravity with other forces, it also is rich enough to 
explain, in principle, all the symmetries found in nature. It avoids the ultraviolet infinities 
that arise in trying to quantize gravity. At low energies, string theory is described by a 
supersymmetric field theory. There is no running coupling constant in the theory. Instead 
there is a dilaton field, whose VEV acts as the gauge and gravitational couphng constants. 
Supersymmetry appears to be inevitable for the consistency of string theory. The discovery 
of various string dualities have played an important role in enlarging our understanding of 
string theory. String theory also predicts the presence of D-branes, which are proved to 
be very important in understanding various dualities. These D-branes have played a key 
role in understanding the gauge theory - string theory duality, which goes by the name of 
AdS/CFT duality. Formulation of string theory in various nontrivial backgrounds with flux 
has also been the topic of intense discussion all along. One of these backgrounds is known 
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as plane wave (pp-wave) background. PP-wave backgrounds in the presence of fluxes drew 
lots of attention in the recent past. These backgrounds have the property that string theory 
is exactly solvable in the hght cone gauge. The pp-wave/CFT duality is an attempt to un- 
derstand gauge-string duality beyond supergravity approximation. At present, string theory 
in pp-wave space-time appears to be more promising than many other curved backgrounds. 

Despite its phenomenal theoretical success, string theory has certain problems. One 
of the outstanding problems of this theory is to find the correct vacuum which describes 
the physical universe, namely one has to find out the one which can reproduce the standard 
model with symmetry SU (3) SU (2) C/(l). Recently, the proposal of moduli stabilization 
of string theory by turning on additional fluxes has shed new light on this problem. The 
other problem is the supcrsymmetry breaking in string theory. In order to explain the physics 
of the observed universe, there must be supcrsymmetry breaking at some scale. Upto now 
there is no concrete method of supersymmetry breaking in string theory has been proposed. 
The next question which string theory has not answered yet is the value of cosmological 
constant, which is known to be vanishingly small. The key of all these problems lie in the 
non-perturbative formulation of string theory. The best hope, so far, has been with the M- 
theory, an eleven dimensional theory. From 11-dimensional perspective, all the superstring 
theories can be viewed as different vacua of the same theory. But very little, up to now, 
has been known for the M-theory, apart from it's low energy limit, the 11-dimensional 
supergravity. Unless we know how to quantize the membranes, hardly anything about the 
spectrum of the theory could be speculated. Apart from all the theoretically unanswered 
questions, string theory lacks experimental verification, because of the fact that the present 
day accelerators can't probe a distance of 10~^^cm, the characteristic length of a string. 
Therefore, a long way has to be covered before we accept string theory as the theory all 
fundamental interactions including gravity. 
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